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Abstract. If Q is a non degenerate quadratic form on C", it is well 
known that the differential operators X = Q{x), Y = Q{d), and H = 
E+ ^, where E is the Euler operator, generate a Lie algebra isomorphic 
to sh- Therefore the associative algebra they generate is a quotient of 
the universal enveloping algebra lA{sl2)- This fact is in some sense the 
foundation of the metaplectic representation. The present paper is de- 
voted to a generalization where Q{x) is replaced by Ao(a;) which is a 
relative invariant of a multiplicity free representation (G, V) with a one 
dimensional quotient (see definition below). Over these spaces we study 
various algebras of differential operators. In particular if G' — [G, G] 
is the derived group of the reductive group G, we prove that the alge- 
bra D{V)'^ of G'-invariant differential operators with polynomial coeffi- 
cients on V, is a quotient of a Smith algebra over its center. Over C this 
class of algebras was introduced by S.P. Smith [Sm] as a class of algebras 
similar to W(sl2). This allows us to describe by generators and relations 
the structure of D(V)'^ . As a corollary we obtain that various "algebras 
of radial components" are quotients of ordinary Smith algebras over C. 
We also give the complete classification of the multiplicity free spaces 
(G, V) with a one dimensional quotient, and pay particular attention to 
the subclass of prehomogeneous vector spaces of commutative parabolic 
type, for which further results are obtained. 



1. Introduction 



1.1. Let H he a reductive algebraic group over C and let X be a smooth 
irreducible i/- variety. Let C[X] be the algebra of regular functions on X and 
let D{X) be the algebra of differential operators on X. Then the ff-action 
on X extends naturally to C[X] and D{X). Let C[X]" (resp. D{X)") be 
the subalgebras of i?-invariants in C[X] (resp. D[X)). The ring C[X]''^ is 
the ring of regular functions on the categorical quotient X//H. The problem 
of determining the structure of D{X)^ was investigated by several authors 
([Sch], [VdBe], [L-S]). On the other hand under the above mentioned hy- 
pothesis there exists a i/-equivariant restriction map 

<5 : D{X)^ D{X//H). 

obtained by applying elements in D{X)^ to functions in C[X]-'^. It is ex- 
pected that D{X)^ as well as its image under 5 (the so-called algebra of ra- 
dial components) should share many properties of enveloping algebras ([Sch], 
[Lev]). In this paper we obtain the precise structure of D{y)'-' in the case 
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where (G, V) is a so called multiplicity free spaces with one dimensional 
quotient, (here G is reductive and G' = [G,G] is the derived group). To 
be more precise we show that D{V)^ is a quotient of a generalized Smith 
algebra over its center which is a polynomial algebra. Over C this kind of 
algebras were introduced by S. P. Smith ([Sm]) as natural generalizations of 
the enveloping algebra of sl2. He also shows in the same paper that these 
algebras have a very interesting representation theory. 



1.2. Let us now give a more precise description of our paper. 

In section 2 we first give the basic definitions, notations and properties of 
multiplicity free spaces, and more specifically of the multiplicity free spaces 
with one dimensional quotient. It is worthwile noticing that a multiplicity 
free space is always a prehomogeneous space. We prove that the invariant 
differential operators on the open orbit have always polynomial coefficients 
(see Theorem 2.2.4). We give the classification (without proof) of the mul- 
tiplicity free spaces with a one dimensional quotient (Theorem 2.3.6 and 
Tables 2 and 3 at the end of the paper) .We also point out an important sub- 
class of the class of multiplicity free spaces with one dimensional quotient, 
namely the set of parabolic prehomogeneous spaces of commutative type. 

In section 3 we introduce the various algebras of differential operators we are 
interested in. We define their natural gradings and wc define the so-called 
Bernstein-Sato polynomial of an homogeneous operator of any degree, not 
only for degree zero operators as usual. We obtain there the first results con- 
cerning these algebras. We also prove that these algebras are Noetherian 
and we compute their Gclfand-Kirillov dimension. Then, using the Harish- 
Chandra isomorphism for multiplicity free spaces which is due to F. Knop, 
we prove a key lemma on invariant polynomials under the so-called little 
Weyl group which enables us to prove that D{V)'^ is a polynomial algebra 
over the center of D{V)''' , with the Euler operator as generator (The- 

orem 3.3.6). We also give generators of the center Z{T) (Theorem 3.3.9) 
and obtain some specific results in the case of PVs of commutative para- 
bohc type. Finally we study the ideals of the algebras D{y)^ and D{p)^ , 
where i7 is the open G-orbit in V . 

In section 4 we show that our algebras of differential operators can be em- 
bedded into the Weyl algebra of a one dimensional torus, but with polyno- 
mial coefficients. More precisely they are sub-algebras of C[Xi, . . . (8) 
C[t, r \ ^] where r + lis the rank of (G, V). 

Section 5 is devoted to the structure of D{V)^' . Wc first brcafly define 
and study the Smith algebras over a commutivc ring A with unit and no 
zero divisors (the original definition by Smith was over C). These algebras 
are defined by generators and relations (involving an polynomial in A[t]), 
and their center is a polynomial algebra A[r2i], where Oi is a generalized 
Casimir element. Then we prove that D{V)^ is isomorphic to the quotient 
of a Smith algebra over its center 2(T) by the two-sided ideal generated 
by the element Oi (see Theorem 5.2.2). Concretely, we give generators and 
relations for DiV)'^ . 
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Section 6 is devoted to the study of the algebras of radial components. By 
radial component of a differential operator in D{V)'^ we mean the restric- 
tion of D to a G'-isotypic component of C[y]. As a corollary of the preceding 
results we prove that these algebras are quotients of "classical" Smith al- 
gebras, that is Smith algebras over C (see Theorem 6.2.2). Of course the 
defining relations depend on the G'-isotypic component. We also give gen- 
erators of the kernel of the radial component map. In the case of the trivial 
representation of G', the structure of the algebra of radial components was 
first obtained by [Lev], by other methods. 

The results of this paper were announced in [Ru-5] . 

Acknowledgment: I would like to thank Thierry Levasseur for providing 
me with the manuscript of [Lev]. I would also like to thank Sylvain Ruben- 
thaler who provided me with a first proof of Proposition 5.1.9 which was 
important for my understanding. 

2. MULTIPLICITY FREE SPACES WITH ONE DIMENSIONAL QUOTIENT 

2.1. Prehomogeneous Vector Spaces. Basic definitions and prop- 
erties. 

Let G be a connected algebraic group over C, and let (G, p, V) be a rational 
representation of G on the (finite dimensional) vector space V. Then the 
triplet (G, p, V) is called a Prehomogeneous vector space (abbreviated to 
PV) if the action of G on y has a Zariski open orbit &V. For the general 
theory of PF's, we refer the reader to the book of Kimura [Ki] or to [S-K]. 
The elements in Q arc called generic. The PV is said to be irreducible if the 
corresponding representation is irreducible. The singular set S of (G, p, V) 
is defined by = F \ $7. Elements in S are called singular. If no confusion 
can arise we often simply denote the PV by (G, V). We will also write g.x 
instead of p{g)x, for g (z G and x € V. It is easy to see that the condition 
for a rational representation (G, p, V) to be a PV is in fact an infinitesimal 
condition. More precisely let Q be the Lie algebra of G and let dp be the 
derived representation of p. Then (G, p, V) is a PV if and only if there exists 
V &V such that the map: 

g V 

X ^ dp{X)v 

is surjectivc (wc will often write X.v instead of dp{X)v). Therefore we will 
call {q,V) a PV if the preceding condition is satisfied. 
Let (G, V) be a PV. A rational function / on F is called a relative invariant 
of (G, V) if there exists a rational character x of G such that f{g.x) = 
x{g)P{x) ioi g & G and x £ V. From the existence of an open orbit it is 
easy to see that a character % which is trivial on the isotropy subgroup of an 
element x G r2 determines a unique relative invariant P. Let Si, S2, ■ ■ ■ , Sk 
denote the irreducible components of codimension one of the singular set 
S. Then there exist irreducible polynomials Pi, P2, ■ ■ ■ , Pk such that Si = 
{x e V \ Pi{x) = 0}. The Pj's are unique up to nonzero constants. It can 
be proved that the Pj's are relative invariants of {G,V) and any nonzero 
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relative invariant / can be written in a unique way / = cP"^ ^ . . . P^* , 
where G Z and c G C* . The polynomials Pi, P2, . . . , Pfc are called the 
fundamental relative invariants of {G,V). Moreover if the representation 
{G, V) is irreducible then there exists at most one irreducible polynomial 
which is relatively invariant. 

The Prchomogeneous vector space {G, V) is called regular if there exists a 
relative invariant polynomial P whose Hessian Hp{x) is nonzero on fi. If 
G is reductive, then (G, V) is regular if and only if the singular set 5 is a 
hypersurface, or if and only if the isotropy subgroup of a generic point is re- 
ductive. If the PV (G, V) is regular, then the contragredient representation 
{G,V*) is again a PV. 



2.2. Multiplicity free spaces. 

For the results concerning multiplicity free spaces we refer the reader to the 
survey by Benson and Ratcliff ([Be-Ra-1]) or to [Kn-2] . Let {G,V) be a 
finite dimensional rational representation of a connected reductive algebraic 
group G. Let C[V] be the algebra of polynomials on V. Then G acts on 
C[V] by 

g.ifix) = ifig-^x) {geG,^e C[V]). 

As the space C[y]" of homogeneous polynomials of degree n is stable under 
this action, the representation (G, C[y]) is completely reducible. Let D(V) 
be the algebra of differential operators with polynomial coefficients. The 
group G acts also on D{V) by 

ig.D){v)=g.{D{g-\^)) igeG,De D{V),ip e C[V]). 

Recall the G-equivariant identifications between C[V] and the symmetric 
algebra S{V*) of the dual space V* and between C[V*] and the symmetric 

algebra S{V) of V. The embedding ^ ^ ^n^^ where DyP{x) = 

lim4_j.o extends uniquely to an embedding S{V) — > D(y) 

whose image is the ring of differential operators with constant coefficients. 
If / G S{V) ~ C[y*] we denote by f{d) the corresponding differential op- 
erator. Another way to construct f(d) for / G C[y*] is to say that f{d) is 
the unique differential operator on V satisfying 

/(a,)e<-'^> = /(y)e<"'J'> {xeV,yeV*) (2-2-1) 

Recah also that the C[y]-module D(y) can be identified with C[V] ® S{V) 
through the multiplication map 

m:C[V](g)S{V) D{V) 

The preceding map is in fact G-equivariant and therefore the G-module 
D(y) is isomorphic to the G-module C[V] ® S(V). The duality pairing 
ViSiV* — > C extends uniquely to the non-degenerate G-equivariant pairing 



S{V)^S{V*) ^C[V*]®C[V] C 



(2-2-2) 
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which gives rise to an embedding C[y*] ^ C[V]* . It is easy to see that 
{0[V*],0[V]) = {O} iii^j 

Definition 2.2.1. Let G he a connected reductive algebraic group, and let V 

he the space of a finite dimensional (complex) rational representation ofG. 
The representation {G, V) is said to he multiplicity free if each irreducible 
representation of G occurs at most once in the representation (G, C[l^]). 

Let us give some results concerning MF (= multiphcity free) spaces (see 
[Be-Ra-1], [H-U], [Kn-2] ): 

Theorem 2.2.2. 

1) A finite dimensional representation {G,V) is MF if and only if {B,V) 
is a prehomogeneous vector space for any Borel subgroup B of G {and hence 
each MF space {G, V) is a PV). 

2) A finite dimensional representation (G, V) is MF if and only if the al- 
gebra D{V)^ of invariant differential operators with polynomial coefficients 
is commutative. 

3) // {G, V) is a MF space, then the dual space (G, V*) is also MF. 

Proof. The first assertion is due to Vinberg and Kimelfeld ([V-K]), an- 
other proof can be found in [Kn-2] . The second assertion is due to Howe 
and Umeda ([H-U], Theorem 7.1). For the third assertion note that as 
(C*[y*], O [y]) = {0}, we obtain that /'-)•(/, ) is a G-equivariant isomor- 
phism between C*[F*] and C*[F]*, and hence {G,V*) is multiplicity free. 

□ 

Note that the commutativity of D{V)''^ for a MF space is just a consequence 
of the definition, since we have a simultaneaous diagonalization of all the 
operators in D(y)'^. 

Let us be more precise about the decompositions of the polynomials under 
the action of the group G or a Borel subgroup. Therefore we need more 
notations. We can write G = G'C where G' = [G, G] is the subgroup of 
commutators, and where G = Z(G)° ~ (C*)^ is the connected component 
of the center of G. Let T' be a maximal torus in G', and let B' = T'U be a 
Borel subgroup of G', where U is the nilradical of B'. The group T = T'C 
is a maximal torus in G and B = TU is a Borel subgroup of G. We will 
denote by 0,0',t, t', c, b, b',u the corresponding Lie algebras. Let R be the 
set of roots of (fl'jt'), let A = {a\, . . . ,a(} be the basis of simple roots 
corresponding to b' and let R'^ be the corresponding set of positive roots. 
Denote by A' the lattice of weights of (f|',t'). We have A' = Za;i©Za;2©- • •© 
Zo;^ where the u[s are the fundamental weights. Let A'+ = Nwi © Na;2 © 
• • • © Ncj^ be the the set of dominant weights. Denote by X{C) the group of 
algebraic characters of G, which we will sometimes consider as linear forms 
on c. Set: 

A = A'©X(G), A+ = A'+©X(G). 
For A G A+ (resp. A' G A'"*") let us denote by (rcsp. V^\i) an irreducible 
0- module (resp. 0'-module) with highest weight A (resp. A'). We use this 
unusual notation because we want to index the modules occuring in C[y] by 
the character of their highest weight polynomials, rather than by the highest 
weight. 
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For a multiplicity free space {G, V) we have the decomposition: 

C[V] = v^i""^ 

AeA+ 

where m(A) = or 1. If m(A) = 1, then there exists a uniquely defined 
positive integer d{X) such that V^x G C[l/]'^*^'*'\ The integer d{X) is called 
the degree of A. Let us denote by Aq, Ai, . . . , A^, . . . , A^ the fundamental 
relative invariants invariants of the PV {B,V), indexed in such a way that 
Aq, Ai, . . . , Afe are the fundamental relative invariants of the PV {G, V) and 
such that A,, is the highest weight vector of V* which must automatically 
appear as it is of degree 1. Then any relative invariant of {B, V) is of the 
form cA^ where a = (oq, ai, . . . , a^.) G Z^+^ and where A^ = . . . A^"- . 
The non negative integer r + 1 is called the rank of the MF space (G, V). 
The algebra of [/-invariants is the subalgebra generated by the Aj's, i.e. 
C[y]^ = C[Ao, . . . , Aj.]. It is worthwhile noticing that, as the polynomials 
Aj are algebraically independent from the general theory of PF's, this latter 
algebra is a polynomial algebra. Let Aj be the character of Aj (we use 
the same notation Aj for the character of the group and for its derivative, 
which is an element of A"*"). Hence the (infinitesimal) character of A^ is 
Aa = O'O^o + • • • + QrAr- Of coursc by definition the elements A^ (oj > 
0, i = 0, . . . , r) arc the highest weights vectors in C[y]. Due to the fact that 
the group action on A** is given by g.A'^{x) = A'^(g~^x), the infinitesimal 
highest weight of A* is — Aa = — aoAo — • • • — a^Aj.. 
If we set Va = V^x^, we therefore can write 

C[V]= Fa (2-2-3) 

ao>0,...,ar>0 

Sometimes, if A = oqAo + • • • + a^A^, we simply write instead of Va- If we 
denote by di the degree of Aj, one can notice that all elements in Va are of 
degree d(a) = oodo + oic^i + • • • + aj-df. It is also worthwhile noticing that, 
as an easy consequence of the multiplicity free decomposition of C[V], we 
have 

Fa = AS" A- . . . A^'=Fo,...,0,a,+„...,a. (2-2-4) 
As far as we know the following useful lemma has never been noticed. 

Lemma 2.2.3. 

Define Q = {x e F|A,(,t) / 0,i = 0, ...,/c}. Let C[n] be the ring of 
regular functions on Q {elements o/C[ri] are just rational functions whose 
denominators are of the form Aq° . . . A'^'' , with cq, • • • , ct^ > 0). As the 
polynomials Aq, . . . , A/, are relative invariants under G, the open set J7 is 
G-stahle, and therefore G acts on C[r2]. Then C[r2] decomposes without 
multiplicities under the action of G. More precisely the decomposition into 
irreducibles is given by 

cm = 

(ao,...,afc)GZ'=+i 
{ak+i,...,ar) eW-'' 

where Va = AJJ^A^i . . . A°'=Fo,.. .,o,ak+i:....ar the irreducible subspace ofC[Q] 
generated by the highest weight vector A^ = Aq°A"^ . . . A"''. 
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Proof. It is clear that the spaces in the decomposition are G-irreducible. 
As they are generated by the highest weight vectors which have distinct 

weights, the sum is direct. Conversely let / € C[Q]. Without lack of general- 
ity we can suppose that / = a,,, , with qq, . . . ,ak > 0, and with P G Vt, 

where b G W~^^. Hence / G Vb' where b' = b - (oq, . . . , a^, 0, . . . , 0) G 

^k+l X ^r-k_ 

□ 

This lemma has the following consequence. 
Theorem 2.2.4. 

Let {G, V) be a multiplicity free space. As before set Q = {x G V \ Aj(x) ^ 
0,i = 0,...,k}. Then D{V)^ = D{n)^. In other words any G-invariant 
differential operator with coefficients in C[r2] has in fact polynomial coeffi- 
cients. 

Proof. Let D G As we know from the preceding Lemma that C[n] 

decomposes without multiplicities under G, we obtain that D defines a G- 
equivariant endomorphism on each V^, a G Z'^"'"^ x N'""'^. Therefore D 
stabilizes C[V] = 0„g>o ar>o^- *° ^ differential op- 

erator with rational coefficients and which stabilizes the polynomials must 
have polynomial coefficients. 

□ 

Remark 2.2.5. The preceding theorem applies in the particular case of 
Jordan algebras, or equivalently (through the so-called Kantor-Koecher-Tits 

construction) in the case of PV^s of commutative type (see section 2.4 be- 
low). Let y be a simple Jordan algebra over C or M. Let ft be the set of 
invertiblc elements in V and let G be the structure group of V. It can be 
proved that {G, V) is a multiplicity free space and then our results implies 
that D{V)'-' = D{Q)'-'. This result is usually obtained by computing an 
explicit set of generators (see [No], [Y] or [F-K]). 

Proposition 2.2.6. 

Let (G, V) be a MF space. For (a^+i, . . . , a^) G setd= (0, . . . , 0, a^+i, . . . , a^) G 
N''"'"^. The spaces = Aq° ...A^^Vgt are G' -equivalent if a. is fixed and 
(oo, . . . , Ofe) G Z*^"*"^. // we define 

C/a= A«°...A^'=Vk, W-a= AS°...A«'=F^, 

(ao,...,afc)GNfe+i (ao,...,afe)gZfe+i 

then the decomposition ofC[V] and C[il] in G' -isotypic components are given 
by 

Cm = 0^a, C[J^] = 0I^a 
a a 

Proof. The map P i — > Aq" . . . A^'^P is a G'-cquivariant isomorphism be- 
tween Va and Aq" ... A^'^V^, hence all these spaces are G'-equivalent. To 
prove the second assertion it is enough to prove that if a 7^ b, then the spaces 
Va and are not G'-equivalent. Suppose that this would be the case and 

let A^ and A*-* be the corresponding highest weight vectors with characters 
Xa and Ag respectively. Prom the G'-equivalence we know that Aa|^, = Ag, 
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and hence P = — r is a relative invariant under B whose character is trivial 
on t'. Therefore it generates a one dimensional representation, hence P is 
a relative invariant under G. Finally we obtain that = Aq° . . . A^* A'', 
and this is not possible if a 7^ b. 

□ 

As {G, V*) is multipHcity free (Theorem 2.2.2) and as we have remarked 
that C'[V*] ~ we have 

C[V*] = ^ V* (2-2-5) 

ao>0,...,ar>0 

where is the irreducible G-submodule of C[V*] generated by a low- 
est weight vector A*^ G C[F*], defined up to a multiplicative constant, 
whose character with respect to the opposite Borel subgroup B~ is equal 
to — Aa = — oo-^o — ■ ■ ■ — drXr- Let US fix a lowest weight vector A* (i = 
0, . . . , r) with character — Aj (with respect to B~). Then we can choose 
^ /^*ao^*ai ^*a, ^^^^^^^ module V^* IS the dual module of 
K through f^if,) (sec (2-2-2)). 

As Va is a G-irreducible module, it is well known that the tensor G-module 
Va (8) V* contains up to constant, a unique G-invariant vector and that 
<8) Vj^ does not contain any non trivial G-invariant vector if a ^ b (see 
for example [H-U]). To be more precise we define to be the operator 
corresponding to the "unit matrix" in Fa® Ki — Hom(V^, Va)- Moreover as 
C[V] (g) C[y]* is G-isomorphic to D{V), the element Ra can be viewed as a 
G-invariant differential operator with polynomial cocfRcients. The operators 
Ra are sometimes called Capelli operators. They are also called unnormal- 
ized canonical invariants in [Be-Ra-1]. Moreover the family of elements Ra 
(a G N^+^) is a vector basis of the vector space D(y)'^ = D{Q,)'^. 
The Capelli operators Ri corresponding to the space Vx. (i = 0, . . . , r) will 
be of particular importance because of the result below. It is worthwhile 
noticing that, as we have chosen A^ to be the highest weight vector of V*, 
we have R^ = E where E is the Euler operator. 

Theorem 2.2.7. (Howe-Umcda) 

Let (G, V) he a MF space. The Capelli operators Ri {i = 0, . . . , r) are 
algebraically independent and D{V)'^ = C[i?o, • • • , Rr]- 

Proof. Sec [H-U] (Theorem 9.1) or [Be-Ra-1] (Corollary 7.4.4). 

□ 

Remark 2.2.8. Recall that for i = 0,1, . . . ,k the polynomials Aq, Ai, . . . , A^ 
are the fundamental relative invariants under the action of the full group G. 
Once these polynomials are fixed, let us define the polynomials A* € C[V*] 
as the unique fundamental relative invariant of {G,V*) under B~ whith 
character A~^, such that A*(9)Ai(0) = 1, for f = 0, . . . , A:. Then the 
Capelli operators Ri {i = 0, . . . ,k) are given by Ri = Aj(x)A*(9), and the 

Capelli operator corresponding to the irreducible component 14„a„h ha^Xk 

scalar multiple of Ag°{x) . . . A^'= (x)Ag(a)"o . . . A^(a)"^ More generally the 
Capelli operator Ra corresponding to Va where a = aoAo + • • • + OfcAfc + • • • + 
a, A, is a scalar multiple of A^»(x) . . . A^'=(x)A5(a)«" . . . A*(a)'^'=i?„,^,A.+i+...+a.A.- 
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2.3. Multiplicity free spaces with one dimensional quotient. 

Let us now define the main objects this paper deals with. 

Definition 2.3.1. (T. Levasseur, [Lev] sections 3.2 and 4.2) 

1) A prehomogeneous vector space {G, V) is said to be of rank one* if there 
exists an homogeneous polynomial Aq on V such that Aq ^ C[F]*^ and such 
thatC[Vf' = C[Ao]. 

2) A multiplicity free space (G, V) is said to have a one- dimensional quotient 
if it is a PV of rank one. 

The proof of the following Proposition will take place in a forthcoming paper 
on the classification of MF spaces with a one dimensional quotient. 

Proposition 2.3.2. 

// (G, V) is a PV of rank one, then the polynomial Aq is the unique funda- 
mental relative invariant of {G,V). More precisely a PV {G,V) is of rank 
one if and only if it has a unique fundamental relative invariant. 

Example 2.3.3. Wc will sec in section 2.4 below that the regular PV^s 
of commutative parabolic type (see Table 1) are MF spaces, with a unique 
fundamental invariant. Hence by Proposition 2.3.2, these PF's are examples 
of MF spaces with one dimensional quotients. 

Let us now explain the classification of MF spaces with a one dimensional 
quotient. 

Definition 2.3.4. (see [Kn-2] ) 

1) Two representations (Gi, pi,Vi) and {G2, P2,V2) are called geometrically 
equivalent if there is an isomorphism $ : Vi 1 — > V2 such that $(/9i(Gi))$~^ = 

P2{G2). 

2) A MF space {G, V) is called decomposable if it is geometrically equiva- 
lent to a representation of the form {Gi x G2,Vi © V2, where {Gi,Vi) and 
{G2,V2) are non-zero MF spaces. It is called indecomposable if it is not 
decomposable. 

3) A representation {G, V) si called saturated is the dimension of the center 
of p{G) is equal to the number of irreducible summands of V . 

Remark 2.3.5. The notion of geometric equivalence is quite natural, once 
one has remarked that the notion of MF space depends only on p{G). It 
is worthwhile noticing that any representation is geometrically equivalent 
to its dual representation. Any representation can be made saturated by 
adding a torus. 

Historically the classification of MF spaces goes as follows. Kac ([Ka]) de- 
termined all the MF spaces where the representation {G, V) is irreducible. 
Brion ([Br]) did the case where G' = [G,G] is (almost) simple. Finally 
Benson-Ratcliff and Leahy classified independently, up to geometric equiva- 
lence, all the indecomposable saturated MF-spaces (see [Be-Ra-1], [Be-Ra-2], 
[Lea], [Kn-2]) 

The proof of the following classification Theorem will appear in a forthcom- 
ing paper. 



*It must be remarked that if (G, V) is also multiplicity free, then the rank as a PV is 
not at all the same as the rank as a MF space. 
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Theorem 2.3.6. 

Up to geometric equivalence the complete list of indecomposable saturated 
MF spaces with a one dimensional quotient is given by Table 2 and Table 
3 at the end of the paper. 

2.4. Prehomogeneous Vector Spaces of commutative parabolic type. 

The aim of this section is to describe an important subclass of the class of 
MF-spaces with a one dimensional quotient. 

The PV's of parabolic type were introduced by the author in[Ru-l] and then 
developped in his thesis (1982, [Ru-2]). A convenient reference is the book 
[Ru-3]. The papers [M-R-S] and [R-S-1] contain also parts of the results 
summarized here. Sato and Kimura ([S-K], [Ki]) gave a complete classi- 
fication of irreducible regular and so called reduced PF's with a reductive 
group G (reduced stands for a specific representative in a certain equivalence 
class, the so-called "castling class", the details are not needed here). It turns 
out that most of these PF's are of parabolic type. The class of PF's we 
are interested in, is a subclass of the full class of parabolic P^'s, the so 
called PV's of commutative parabolic type. Let us now give a brief account 
of the results for these PV's which turn out to be MP-spaces with a one 
dimensional quotient. 

Let g be a simple Lie algebra over C satisfying the following two assumptions: 

a) There exists a decomposition q = V~ © which is also a 3-grading: 

[q,V+]cV+, [q,V-]cV-, [V-,V+]cq 

[V+,V+] = {0}, [v-,v-] = {o}. 

b) There exists a semi-simple element Ho E Q and Xq G V'^,Yo G V~ such 
that (Yq, Hq, Xq) is an sf2-triple. 

One can prove, that under the assumption a) that {q,V^) is an irreducible 
PV (here the action of g on is the Lie bracket). In fact, as we will sketch 
now, Q © is a maximal parabolic subalgebra of g whose nilradical V'^ is 
commutative, this is the reason why these PV's are called of commutative 
parabolic type. Assumption b) is equivalent to the regularity of the PV 
{q,V~^). We will now describe these PV's in terms of roots. Let t be a 
Cartan subalgebra of g which contains Hq. It is easy to see that t is also a 
Cartan subalgebra of g. Let R be the set of roots of the pair (g, t). The set 
P of roots occuring in g © V^ is a parabolic subset. Therefore there exists 
a set of simple roots ^, such that if P+ is the corresponding set of positive 
roots, then P \ (P fl — P) C R^. Let u be the highest root in R and let R 
be the set of roots of the pair (g, t). Then = n P is a set of simple roots 
for R and ^' = ^' U {ao}, where ckq has coefficient 1 in oj. What we have 
done up to now can be performed for all 3-gradings of g (in other words for 
all decompositions of g satisfying assumption a)). It is easy to see that the 
element Hq in assumption b) can be described as the unique element in t 
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such that 

f a{Ho) =0 VaG* 
\ aoiHo) = 2 

Assumption b) means just that Hq is the semi-simple element of an s[2-triple. 
Let Wo be the unique clement of the Wcyl group of R such that wq{^) = 
One can show that the preceding condition on Hq is equivalent to the 
condition ^0(0:0) = —ctQ. This leads to an easy classification of the regular 
PV^s of commutative parabolic type. From the preceding discussion we 
deduce that these objects are in one to one correspondence with connected 
Dynkin diagrams where we have circled a root ao, which has coefficient 1 
in the highest root and such that u'o(ao) = —oiq. In the following table we 
give the list of these objects and also the corresponding Lie algebra q, and 
the space (M5„(C) stands for the symmetric matrices of size n, and 
AS2n{'C) stands for the anti-symmetric matrices of size 2n). 



Table 1 











v+ 


^2n+l 


• • • — @ • • • 

ai OLn+l a2n+l 


Stn+1 X Q^n+l 


MniC) 






S02„-2 X C 




Cn 


• • • • • <(•) Cn 


sin 


MSn{C) 


Di 


(^-« • • •— •(^ Dn{n>4) 


S02n-1 X C 


(j-2n-l 


Din 


. . . •(^^2n (n > 2) 

>• 


Sl2n(C) 


AS2n{C) 


E7 


• 


^6 X C 





We need to get more inside the structure of the regular PV's of commutative 

parabolic type. First let us define the rank of such a PV. Let Ri be the 
set of roots which are orhogonal to ao (this is also the set of roots which 
are strongly orthogonal to ao)- The set Ri is again a root system as well as 
i?i = ^1 n R. Define 

ti = ^ CHa, 01 = ti e ^ r- 

Then gi is a semi-simple Lie algebra, ti is a Cartan subalgebra of gi and 

the set roots of (gi, ti) is Ri. Moreover if we set 0i = 0i fl g, = 0i H 
and V{~ = 01 n V~, then ti is also a Cartan subalgebra of gi and we have 

01 = Ff ©gi eFi+. 
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The key remark is that if we start with {Q,g,V~^) which satisfies assump- 
tion a), the preceding decomposition of 0i is again a 3-grading satisfying 
assumptions a), in other words (gi, V^) is again a PV of commutative par- 
abohc type (except that the algebra gi may be semi-simple, not necessarily 
simple). Moreover if {g,g,V^) satisfies also b), then the same is true for 

(01,01,^1+)- 

Let «! be the root which plays the role of ckq for the new PV of commutative 
parabolic type Qi,V^). We can apply the same procedure, called the 
descent, to {qi,Qi,Vi~) and so on and then we will obtain inductively a 
sequence 

■■• c {h,Gk,v+) c ••• c (0i,0i,"^'i+) c (0,0, F+) 

of PF's of commutative parabolic type. This sequence stops because, for 
dimension reasons, there exists an integer r such that Rr $ and such that 

Rr+l = 0. 

The integer r + 1 is then called the rank of (q,V^). Wc will sec below 
that Py's of commutative parabolic type are always MF spaces with a one 
dimensional quotient. The preceding defined rank turns out to be same as 
the rank as a MF space which was defined in section 2.2. 
Let us denote by ao, cti, . . . , the set of strongly orthogonal roots occuring 
in V"^ which appear in the descent (the rank is also the number of elements 
in this sequence, it can be characterized as the maximal number of strongly 
orthogonal roots occuring in V^). One proves also that if the first PV 
(0, V'^) is regular (i.e. if it satisfies b)), then the same is true for all spaces 
(fli, V+){i = 0, . . . , r) and V+ = CX^^, where X^^ G 0, 7^ 0. 
Let G be the adjoint group of the and let G be the analytic subgroup of G 
corresponding to 0. The group G is also the centralizer of Hq in G. As we 
have already noticed, the representation (G, Ad,V~^) is then an irreducible 
PV. Let Gr be the subgroup of G corresponding to 0,.. The descent process 
described before leads to a sequence of PV's: 

{Gr,V+) C {Gr-i,V+_,) C • • • C (Gi, y+) C (G, V+) (2-4-1) 

The orbital structure of {G, F+) can the be described as follows. Let us 

denote as usual by X^ a non zero element of 0'''. 

Define 

-^()~ ~ -^ao ) -^1 ~ -^ao "I" -^ai j • • • j ~ -^ao "I" -^ai "I" ' ' ' "I" -^a^ ■> ■ ■ ■ i 
= = Xao + Xaj^ + ■ ■ ■ + Xa^ . 

Then the set 

{0,I+,I+,...,I+ = 1+} 

is a set of representatives of the G-orbits in V~^ (there are rank{G, V~^) + 
l=r-|-2 orbits). The orbit G.I^ is the open orbit O"*" C V~^. 
The Killing form 5 of allows us to identify V~ with the dual space of 
and the representation (G, V^) becomes then the dual PV of (G, V'^). One 
can similarly perform a descent on the V~ side, and obtain a sequence 

{Gr,V-) C {Gr-i,V-_,) C • • • C (Gi,yf ) C (G,F-) (2-4-2) 
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of PV's, where the groups are the same as in (2 — 4 — 1). The PV {Gi, V^^ ) 
is dual to {Gi, V^^). The set of elements 

{0,Io,I{,...,I-=I-} 

where = X-^o + X^ai + • • • + ^-aj is a set of representatives of the 
G-orbits in V~. The orbit G.I~ is the open orbit Q~ C V~ . We will always 
choose the elements X_q,. such that , i/^. , X^.) is a s[2-triple. If the 

PV (g,y+) satisfies the assumptions a) and b), then Hq = Hag + -f^ai + 
• • • + Ha„ and {I~ , Hq, is a sl2-triple. More generally, under the same 
hypothesis, if = Hag + + • • • + Ha^, then {I~,Hi, I^) is a sb-triple. 

We suppose from now on that (G, V^) is regular. Remember that this 
means that it satisfies assumption b). Let Aq be the unique irreducible 
polynomial polynomial on which is relatively invariant under the action 
of G. Let Ai be the unique irreducible polynomial on which is relatively 
invariant under the group G\. We have V'^ = where is the 
sum of the root spaces of which do not occur in . Therefore for 
X = yi + xi {xi G V^,yi G W^), we can define Ai(x) = Ai(a;i) and hence 
the polynomial Ai can be viewed as a polynomial on V^. Inductively we can 
define a sequence Aq, Ai, . . . , A,, of irreducible polynomials on V~^, where 
the polynomial Aj depends only on the variables in Vj^ and is, in general, 
not relatively invariant under G , but under Gi C G. It can be shown that 
d°{Ai) =r + l-i = rank(G, V+) - i. 

Let H C G he the isotropy subgroup of and let f) C g be its Lie algebra. 
Another striking fact concerning the irreducible regular PVs of commuta- 
tive parabolic type is that the open orbit ~ G/i? is a symmetric space. 
This means that f) is the fixed points set of an involution of g (this involution 
can be shown to be exp ad(/^) cxp ad(/~) exp ad(/''')). Let us denote by B~ 
the Borel subgroup of G defined by — 

One can show that is already a PV under the action of B^. In other 
words (G, V+) is a MF space (See [M-R-S], Theorem 3.6 p. 110). More pre- 
cisely the fundamental relative invariants of (B^ ,V^) are the polynomials 
Aq, Ai, . . . , Aj.. The open i?^-orbit in V^ is the set 

0+ = {a; G y+ I Ao(x)Ai(a;) . . . A^(rc) ^ 0}. 

In fact, as (G, V) is irreducible, the polynomial Aq is the unique fundamental 
relative invariant under G and hence (G, V) is a MF space with a one 
dimensional quotient. 

Symmetrically, if B~^ is the Borel subgroup of G defined by ^, the repre- 
sentation (B~^,V~) is also a PV, and the fundamental relatively invariant 
polynomials is a set 

{aiai,...,a;} 

of irreducible polynomials where d°{A*) = r + 1 — i = rank(G, V^) — i. Of 

course these polynomial are obtained by a descent process similar to the one 
described before on V~^ . Moreover the polynomial Aq is the fundamental 
relatively invariant of (G,V^). 

Let B be the Killing form on g. Then for any polynomial P* on V~, we 
define a differential operator P* (d) with constant coefficients on by the 
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formula 

P*{d)e^^^'y^ = P*(y)e-^(^'S') for x£V+,y£V-. (2 - 4 - 3) 

Remark 2.4.1. Let G/K be a hermitian symmetric space, let 0c = Pc ® 
© Pc be the usual decomposition of the complexified Lie algebra of G. 
Then of course the preceding decomposition is a 3- grading of gc- Moreover 
this 3-grading verifies assumption b) at the beginning of section 2.2. if and 
only if G/K is of tube type. Conversely it can be shown that any PV 
of commutative parabolic type can be obtained this way from a hermitian 
symmetric space of tube type. 

Similarly if J is a simple Jordan algebra over C, and if struc{J) is its struc- 
ture algebra, then from the Kantor-Koecher-Tits construction ( [Ko] , [Ti] ) it 
is know that one can put a Lie algebra structure on J © struc{J) © J, and 
this decomposition is a 3-grading which verifies assumption b). Conversely 
if (G, V~^) is a PV of commutative parabolic type, then one can define on 
a Jordan product which makes V'^ into a simple Jordan algebra (see for 
example [F-K]). 



3. Algebras of differential operators 

In this section we suppose that (G, V) is a MF space with a one dimensional 
quotient, and we will use the notations introduced in the precedent section, 
especially in subsections 2.3 and 2.4. 

3.1. Gradings and Bernstein-Sato polynomials. 

Recall that we denote by Aq, Ai, . . . , the fundamental relative invariants 
under a fixed Borel subgroup B of G. As the space has a one dimensional 
quotient, Aq is the unique polynomial among them which is relatively in- 
variant under G (this means that /c = in the notations of section 2.2). We 
also setn = {xeV\ Ao{x) 7^ 0}. 

The Euler operator £^ on 1/ is defined for P G C[F] by 

EP{x) = —P{tx)t=i = P\x)x. 

Remember from section 2.2 that we have chosen A^ in such a way that 
FLp = E. 

Once and for all we also define the following two elements in D{y): 
X = Ao (multiplication by Aq), Y = Ao(9). 

The operator 

X"^ (multiplication by Aq ''^) 
which belongs to D{Q) will also play an important role. Prom the definition 
of the G action on C\V] and on D{y) we have 

g.X = Mg-')X, g.X-' = Xo{g)X-\ g.Y = Xo{g)Y (3-1-1) 

and hence X,Y e D{Vf' and X-^ G D{n)^' . 

Let us now introduce the following notations that we will use in the rest of 
the paper: 

r = D{nf', To = D{vf = D{nf 
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(the last equality comes from Theorem 2.2.4). Remember that To is a poly- 
nomial algebra in r + 1 variables (Theorem 2.2.7). We have the following 
inclusions: 

% = D{Vf = D{nf C D{Vf' cT=D{nf'. 

As differential operators in T have coefficients which are fractions whose 
denominators are homogeneous (powers of Aq), it is clear that T is graded 
by its homogeneous components (an element D in T is said to be of degree 
m if [E,D] = mD). But on the other hand any homogeneous element D in 
T preserves the G"-isotypic components Wg, = ©^eN^o^ (see Proposition 
2.2.6). Therefore an homogeneous element D maps A^Vk on Ao+Va for 
some j and hence only multiples of do (the degree of Aq) occur as homoge- 
neous degrees in T. If we define, for p G Z, 7^ = {D e T\[E,D] = pdoD}, 
then 

r = ®pezTp (3-1-2) 

(At this point it is not completely evident that the two definitions of To 
coincide, that is that D{V)^ = {D e T\[E,D] = 0}. This will be a 
consequence of the proof of Proposition 3.1.7 below). 
Similarly if we define 

D{V)^' = {De D{Vf' I [E,D] =pdoD}, 

weh^veD{Vf' =®^^^D{V)G'. 

Definition 3.1.1. For a = (oq, ai, . . . , ar) and p E N, we define a + p = 
(ao+p, ai, . . . , a,.). Then if D E Tp, the Schur Lemma ensures that if P G 
we have DP = 6£)(a)A^P where boi^) & C. It is easy to see that bn is a 
polynomial in the variables (oq, oi, . . . , a^) (see for example [Kn-2] , proof of 
Corollary 4-4) ■ This polynomial is called the Bernstein- Sato polynomial of 
D. 

Example 3.1.2. Relations (3-1-1) imply that X G Ti, X^^ G T-i and 
Y G T-i- And of course E £ To- Obviously, from the definition, we have 
bx{st) = bx-i (a) = 1, bsist) = c/ooo + diai + ■ ■ ■ + drUr = the degree of Va 
(recall that di is the degree of Aj). From (3—1 — 1) we obtain that Y G T-i- 
The computation of by is more difficult. However it is known in the case of 
PV's of commutative parabolic type. In this case, for X = (Xq, Xi,. . . , Xr) 
it is given by 

r , 

fey(X) = c[](Xo + ---+X,+j-) (3-1-3) 

3=0 

where the constant c can be made explicit (see [B-R], Theoreme 3.19) and 
where | = ■ This explicit computation of the polynomial by in the 

particular case of PV's of commutative parabolic type has been obtained by 
several authors, using dictinct methods (see [B-R], [F-K],[K-S], [Wa]). It is 
worthwhile noticing that the constant d is the same as the constant d which 
is familiar to specialists of Jordan algebras (see Remark 2.4.1). 

Remark 3.1.3. It is known from Igusa ([I]) that for any homogeneous 
polynomial P of degree > 2, the Lie algebra generated over C by the two 
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differential operators P{x) and P{d) is infinite dimensional. However in 
the particular case of regular PV^s of commutative parabolic type and for 
X = Ao(.x) and Y = Ao(9) an easy proof of this fact can be obtained 
by using the explicit knowledge of by given before (see [Ru-4], Theoreme 
3.1.). If Aq is a non degenerate quadratic form (this corresponds also to a 
commutative parabolic PV) , then the Lie algebra generated over C by X and 
Y is well known to be isomorphic to SI2. This remark is the foundation of the 
so-called metaplectic (or Segal-Shale- Weil) representation ([H],[Sh],[We]). 

The following Lemma is obvious, but useful. 

Lemma 3.1.4. 

Let Di,D2 G Tp. Then Di = D2 if and only if boi = ■ 
Definition 3.1.5. The automorphism TofT= D{Q)^' is defined by 

VL» G r, t{D) = XDX~^ 

Proposition 3.1.6. 

The algebra To is stable under r and for any D eTq we have 

XD = t{D)X (3-1-4) 
DY = Yt{D) (3-1-5) 

Proof By definition % = D{V)'^ = D{n)^. From relations (3 - 1 - 1) we 
see that if D is G-invariant so is r (L»). Obviously t{D) G D{n f. Hence % 
is T-stable. Relation (3 — 1 — 4) is just the definition of r. We will now prove 
that (3 — 1 — 5) holds on each subspace V^. Let bo be the Berstein-Sato 
polynomial of D. Then an easy calculation shows that the left and right side 
of (3 — 1 — 5) act on by ^^(a — l)6y (a)X'"-'^. Then Lemma 3.1.4 implies 
(3 - 1 - 5). 

□ 

Let us denote by Toi-'^, ^] the subalgebra of T generated by To, ^ and Y. 
From the preceding Proposition and from the fact that XY and YX belong 
to To we know that any element D € To[^, Y] can be written as a finite sum 
D = q^fi ap^qX^Y'i with ap^g G To- Similarly, let To[X, X~^] denote the 
subalgebra of T generated by To, X and X~^. Any element D in To[X, X~^] 
can we written as a finite sum D = J2pez^p-^^- following Proposition 
shows that D{Vf = To[X,Y] and that T = D{nf = To[X,X-'^] and 
makes the gradings more precise. 

Proposition 3.1.7. 

1) We have 

D{Vf' = ToiX, Y] = (e^^j,. ToYP 0) To 0(0peN roXP) 
{in particular D{V)^' = TqXP if p > 0, and D{V)^' = TqY'P if p < 0). 
Equivalently we have 

D{Vf' =%[X,Y] = (0pgj,. YP%®)®%®{®^^^XP%). 

2) We have T = D{nf' = To[X,X-^] = ^^^^ToXP = ^^^^XPTo. 

3) Any element D in To[X,Y] can be written uniquely in the form 

D = Y^ UiY' + v,,X' orD = Y^ Y'm + ^ X'vi (finite sums) 

i>0 j>0 j>0 i>0 
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with Ui, Vi € To- 

Any element D eT can be written uniquely in the form 

D = ^ UiX^ or D = ^ X'-Ui (finite sums) 

with Ui G %. 

Proof. 1) Prom Proposition 2.2.6 we know that the decomposition of C[V] 
into G'-isotypic components is given by 

C[V] = C/a where = A^J^Va and a = (0, ai, . . . , a^). 

We will now use the technique of Howe and Umeda ([H-U]) which we have al- 
ready mentioned before Theorem 2.2.7. As ClV] iS)C[V]* is G'-isomorphic to 
D{V), each subspace A"-"Va^{A^'^Va)* will give rise to a unique G'-invariant 
differential operator i?ao,6o,a- Then by the same arguments as in Remark 
2.2.8, it is easy to see that i?ao,6o,a = Ao(x)«oi?o,o,aAS(5)''° = X«oi?o,o,a>'''°- 
The elements X'^oiJco.a"^^" {ao,bo G N,a G W) form a vector basis of 
D{V)^'. Remark now that -Ro,o,a is in D{V)'^ = To- Then from Proposition 
3.1.6, we get X"" T?o,o,a>'''" = r"o(i?o,o,a)^''°>'''° and r""(i?o,o,a) G %. If now 
ao < bo, then X"-° Rq^q^sX^° = RY^°-''°, where R = T«o(i?o,o,a)^"°^"° e 7^- 
Ifao > ^0, thcnX"oi?o'o,ai^''° = RX^o'^o where R = r""(i?o,o,a)T"°~''°(X''oy''o) G 
To- The first decomposition in assertion 1) is proved. The second decompo- 
sition is a consequence of relations (3 — 1 — 4) and (3 — 1 — 5). 
2) Prom (3 - 1 - 2) it is enough to prove that Tp = TqXP for all p e Z. If 
D eTp, then D = {DX-p)XP and DX-P € %. 

As we have obtained T = ®pezTp with % = D{V)^ , we get {£> G T | [E, D] = 
0} C D{V)^, and hence that {£> G T| [£^,1?] = 0} = L>(y)<^. Therefore the 
two definitions of To coincide. 

As D(p,) has no zero divisors assertion 3) is a consequence of 1) and 2). 

□ 

Remark 3.1.8. The inclusion D{V)'^' C D{rL)^' is obviously strict (X~^ G 
D{yt)'^ \D(y)^ ), but the preceding results shows that they have the same 
"positive part" (®p(,^%XP). 

The following proposition shows that all the Bernstein-Sato polynomials are 
known if one knows the Bernstein-Sato polynomials of Y and of the elements 
of To. 

Proposition 3.1.9. 

Let D = DqX'' (n G Z), resp. D = DqV (n G N*), Dq G %, be generic 

homogeneous elements in T = To[X, X~^] or To[X,Y]. Then 

boia) = bDo{si+n), resp. ^^(a) = 6Do(a-n)6y(a)6Y(a- 1) . . . 6y (a-^TT,- 1). 

Proof. Consider first the case where D = DqX'"" and let Q G Vg,. We have: 

DQ = 6i5(a)AgQ = L»oA^g = 6Do(a + n)A^Q. 
Hence ftoCa) = bDf){si + n). 
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Consider now the case D = DqY^^ and let Q € V^- We have: 

DQ = 6i5(a)Ao"Q = DoY'^Q = DqY'^-^YQ = DoY''-^bY{&)Ao^Q 
= L>o^'y(a)6y (a - 1) . . . 6y (a + n - l)A^''Q 
= 6y (a - 1) . . . 6y (a + n - l)6Do(a - n)A~"Q. 

Hence 6D(a) = fey (a — 1) . . . 6y(a + n — l)6£)o(a — n). 

□ 

3.2. Noetherianity and Gelfand-Kirillov dimension. 

Recall that a non commutative ring TZ is said to be noetherian if the right 
and the left ideals are finitely generated, or equivalently if the right and the 
left ideals verify the ascending chain condition (see for example [MC-R] or 
[G-W]). 

Recall also that the rings To[X], %[X~^],T = To[X,X-'^], To[Y], To[X,Y] 
are defined to be the subrings of D(ri+) generated by To and by the elements 

Y and {X,Y} respectively 
Let be a ring and let a G Aut(S'). Let us recall that a a-derivation of S 
is an additive map 6 : S — > S such that 6{st) = s6(t) + 6{s)a{t). Given 
a (7-derivation S, the skew polynomial ring over S determined by a and 
S is the ring S[T,a,S] := {S,T)/{sT - Ta{s) - S{s)\s G S}, where {S,T) 
stands for the ring freely generated by S and an element T with the relations 
given by the ring structure on S (for details see [MC-R], section 1.2, p. 15 
or [G-W] p. 34). Similarly one defines the skew Laurent polynomials ring by 
S[T,T-\a] := {S,T,T-') /{sT = Ta{s)}. 

Theorem 3.2.1. 

The rings To[X], To[X-'^],T = To[X, X"'^], To[Y], To[X,Y] are noetherian. 

Proof. Recall from Proposition 3.1.6 that for all D G To one has XD = 
t{D)X,YD = T-^{D)Y, where t{D) = XDX-^. Recall also from Propo- 
sition 3.1.7 that any element D e T = To[^, -'^~^] can be written uniquely 
D = Y2i<=z'^i-^^ ^ with Ui G To- The same easy argument shows that any 
element D & To[Y] can be written uniquely D = ^^^i^UiY''' with Ui G To- 
These remarks imply that the rings To[^], To[-'^~^] and To[^] (which are 
subrings of D(r2+)) are respectively isomorphic to the "abstract" skew poly- 
nomial rings To[T, T"^, 0], To[T', r, 0] and To[T', t, 0]. They are therefore noe- 
therian by Theorem 1.2.9. of [MC-R]. 

The ring T = To[-'^^, X~^] is similarly isomorphic to the skew Laurent poly- 
nomials ring Tq[T,T~^,t~^] and is therefore noetherian by Theorem 1.4.5. 

of [MC-R]. 

The relations XD = t{D)X,YD = t-'^{D)Y, where D e To, imply that 
To^ = ^To and To^^ = ^To- Moreover [-^, 1"] G To- These remarks imply 
that 7o[X, Y] is an almost normalizing extension of To in the sense of [MC-R] 
(section 1.6.10.). As To is noetherian, this implies by Theorem 1.6.14. of 
[MC-R], that To[X,Y] is noetherian. 

□ 

We will denote by GK. dim (7?.) the Gelfand-Kirillov dimension of the algebra 
7^. 
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Theorem 3.2.2. 

One has 

GK.dim{T) = GK. dimiToiX]) = GK. dim{To[X-^]) = GK.dim{ro[Y]) 
= GK. dim(7B[X, Y]) = GK. dim(7B) + 1 = r + 2 

Proof. We have seen in the proof of Theorem 3.2.1 that the algebras 7o[^], 
Tof-'^"^], TolY] are isomorphic to the skew polynomial algebra To[T,t] (or 
7o[T,T~^]) and that the algebra To[X,X~^] is isomorphic to the skew Lau- 
rent polynomial ring 7o[T, T~^, r~^]. 

An automorphism of To is called locally algebraic if for any D € To, the 
set {i'"'{D),n € N} spans a finite dimensional vector space. We know from 
[L-M-0] (Prop.l) that if v is locally algebraic then Gif. dim(T^[r, z/]) = 
GK.dim{rQ[T,T-'^,i^]) = GK.dlmiTo) + 1 (sec also [Z]). 
Let us prove that r is locally algebraic in the preceding sense. The elements 
-D G To are in one to one correspondence with their Bernstein-Sato poly- 
nomial bo- We have 6^(£))(a) = fcxDX-i(^) = boia. — 1). Therefore the 
Bernstein-Sato polynomials 6t-"(D) have the same degree as bij. Hence the 
space spanned by the family bT-n^D^ is finite dimensional, and r is locally 
algebraic. 

Therefore G/C. dim(T^[X]) = GK. dim{ro[X-'^]) = GK. dim(T^[y]) 
= GK. dim(T^[X, X-i]) = GK. dim(TB) + 1- 

As To[X] c Tq[X,Y] c To[X,X-\ we have also GK.dim(TQ[X,Y]) = 
GK. dim(To) + 1- As To is a polynomial algebra in r -I- 1 variables (Theorem 
2.2.7), we have GK. dim(T^) = r + l. 

□ 



3.3. The Harish-Chandra isomorphism and the center of T. 

The aim of this subsection is to describe To = D{V)'-' as a module over the 
center of T. For this we will use the Harish-Chandra isomorphism for MF 
spaces due to F. Knop. 

Let (G, V) be a MF space with a one dimensional quotient. Let 5 be a 
fixed Borel subgroup of G. Remember that {B, V) is a PV. We denote by 
Ao, Ai, . . . , A^ the set of fundamental relative invariants of (B, V). Then, 
due to the one dimensional quotient hypothesis, Ao is the unique fundamen- 
tal relative invariant under G. We denote by di (resp. Aj) the degree (resp. 
the infinitesimal character) of Aj. Let b be the Lie algebra of B and let 
t C b be a Cartan subalgebra of q and let S(0, t) be the corresponding set of 
roots. Denote by W the Weyl group of 11(0, t). Denote by i;"'"(g,t) the set 
of positive roots such that h = t + ^aeT;+{g,i) S"- Let p = ^ Saes+(g,t) 
We define 

a* = eLoCAi c t* and ^4 = a* -I- /9 C t*. 

Let be the center of the enveloping algebra of g. Denote by C[t*]'^ 

the VF-invariant polynomials on t*. One knows that the classical Harish- 
Chandra isomorphism is an isomorphism H : — > C[t*]'^ which can be 
computed the following way. For any A G t*, let 1^ be the irreducible highest 
weight module with highest weight A. It is well known that acts by 
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scalar multiplication on Vx. The scalar by which an element z G 2(q) acts 
on V\ is precisely H{z){\ + p). 

The natural representation of G on C[y] extends to a representation of 
the enveloping algebra U{q) on the same space C\y]. Hence z € 2{q) 
acts on Va by the scalar H{Xa + p) where Aa = Yll=o^i'^i (remember that 
a = (ao, . • • , fir))- Conversely if A = aoAo + • • • + a^A^ we define = 
(ao,...,a,) eC'+i . 

On the other hand any D G D{V)^ = To acts on each by the scalar 
boisi), where ^^(a) is the Bernstein-Sato polynomial of D. This allows us 
to define the map: 

h: D(yf C[A] 

D ^ h{D):X + p^h{D){X + p) = bD{ax) 

where C[^] denotes the algebra of polynomials on the affine space A = 
a* + pC i*. 

Let 7r(z) be the operator in D(V)^ which represents the action of z on C[V] 
and let r : C[t*]'^ — > C[A] be the restriction homomorphism. It is clear 
from the definitions that the following diagram commutes: 



Z{g) > C[t*]^ 

TT r 

D{Vf > C[^] 

Theorem 3.3.1. 

(Knop, see [Kn-2] Th. 4.8 and Corollary 4.9 or [Be-Ra-1], Th. 9.2.1) 

The homomorphism h is injective and there exists a finite group Wo ( some- 
times called the little Weyl group) which is a subgroup of the stabilizer of 
A in W, such that the image of h is C[A]^°. Hence h is an isomorphism 
between and ClA]^" . The homomorphism h is called the Harish- 

Chandra isomorphism for the MF space {G,V). Moreover Wo acts as a 
reflection group on a*. 

Let us see what is the automorphism of C[^]'^° which corresponds to the 
action of r through the Harish-Chandra isomorphism h. Let D G 
Then /i(t(L»))(A + p) = h{XDX-^)iX + p) = bxDX-^W = &d(A - Aq). 
This calculation proves of course that C[A]^o is stable under P(A + p) i — > 
P{{X — Ao) + p). Therefore we make the following definition. 

Definition 3.3.2. By abuse of notation t will also denote the automorphism 
ofC[A]^° which is defined byT{P){X + p) = P{{X-Xo) + p) {P G C[A]^«). 
Let C[^]^0''' denote the set of elements in C[A]^o which are invariant under 

T. 

Proposition 3.3.3. 

Let Z{T) be the center of T = D{^1)^ . Then Z{T) is also the center of 
To[X,Y] = D[V)^ . Moreover the following assertions are equivalent: 

i) De Z{T) 

ii) D E To and t{D) = D (i.e. D commutes with X ). 
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in) D G To and the Bernstein- Sato polynomial ^^(ao, ai, . . . , a^) does not 
depend on ao . 

iv) DeTo and h{D) e C[A]^°'^. 

Proof, i) => a): Let D G Z{T). Then [E,D] = 0, hence D e %, and 
[D,X] = 0. 

ii) => Hi): Let D G To. If XD = DX then, from the definitions we have 
hxD{ao,ai,. . . ,ar) = 6^(00, oi, Or) = &Dx(ao, oi, • • • , Or) = 6^(00 + 
1, ai, . . . , a,.), hence boiao, ai, . . . , fflr) does not depend on oq. 
Hi) =^ i): Suppose that for Z) G To, the Bernstein-Sato polynomial does 
not depend on oq. Then the elements XD and £)X in 7i have the same 
Bernstcin-Sato polynomial. Hence XD = DX (Lemma 3.1.4). Then from 
Proposition 3.L7 3) we see that D G -Z(T). The equivalence of Hi) and iv) 
is obvious as h{D){X + p) = 6d(A). 

Prom ii) we obtain that Z{T) is also the center of To[X, Y]. 

□ 

Remark 3.3.4. As a consequence of the preceding Proposition it is worth- 
while noticing that if D € T and commutes with E and X, then D commutes 
with Y. This is a well known property if (X, E, Y) is an s[2-triple (but this 
is not the case except if Aq is a quadratic form). We will see that the asso- 
ciative algebra generated by X,E,Y over Z{T) is "similar" to U{sl2{Z{T)), 
see Theorem 5.2.2 below. 

Remember that di denotes the degree of Aj for i = 0, . . . , r. Define a linear 
form fj, on a* by 

r 

n{aoXo H 1- arXr) = ^ aidi = bE{a.) (a = (oq, . . . , a^) G C^+^) 

i=0 

(/X is the degree form, as its values coincide with the degree of the polynomials 
in Va when a = (ao, . . . , a^) G N'""'"^). 
Define also 

M = {Xea*\ n{X) = 0} and M = M + p C A. 

Note that M = {X + p e A \ h{E){X + p) = 0}. As h{E) is Wo-invariant, so 
is the set M. Set 

I{M) = {Pe C[^]^° I = 0}. 

The key lemma is the following. 
Lemma 3.3.5. 

We have I{M) = C[A]^°h{E) and 

Proof. Let P G I{M). It is a polynomial on the affine subspace ^ C t* 
which vanishes on M which is the set of zeros of the irreducible polynomial 
h{E) (it is irreducible because h{E){X + p) is a nonzero linear form in the A 
variable). Therefore P = h(E)Q. As P and h{E) are VFo-invariant, so is also 
the polynomial Q. Hence I{M) C C[A]^°h{E). As the reverse inclusion is 
obvious we get I{M) = C[A]^°h{E). 
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Let F = CAo Co*. As obviously o* = © i^, we have A = M ® F. 
Remember that t = c t' where c is the center of Q. The infinitesimal 
character Aq is a character of q, and is therefore trivial on t' C q'. As any 
tvo G Wo fixes pointwise the center c of g, we see that F is pointwise fixed 
by Wo. 

Let Q G C[M]^o. Define 

Q(m + /) = Q{m), for all m G M, / G F. 

Prom the preceding discussion we obtain that Q is Wo-invariant, in other 

words Q £ C[A]^''. But in fact Q is also r-invariant: T{Q){m + /) = 
Q{m + / - Ao) = Q{m) = Q{m + /). Hence Q G C[A]^'>'^, in other words 
any VFo-invariant polynomial on M can be extended to a (VFq, T)-invariant 
polynomial on A. This extension is in fact unique: for any r-invariant 

extension Q of Q we have Q{m + xAq) = Q{m + {x + l)Ao) and hence 
Q = Q. In fact we have proved that the restriction map: 

C[A]^o,T _^ C[M]^° 

is bijcctivc (and therefore C[^]^"''^ n I{M) = {0}) and the inverse map is 
Q I — >Q. Now for P G C[^]^" we can write: 

Prom the discussion above we have P\j^ G C[y4]'^0''^, and {P - P|^) G I{M). 

□ 

Theorem 3.3.6. 

1) To = D{Vf = Z{T) ® ETo 

2) Any element H G D{V)'^ can be uniquely written in the form 

H = Hq + EHi + E^H2 • • • + E^H}. 
where Hi G Z{T), i = 1, 2, . . . , G N. 

Proof. Through the Harish-Chandra isomorphism /i, the algebra D{V)'-' = 
To corresponds to C[A]'^", the algebra Z{T) corresponds to C[A]'^"''^ and 
the ideal ETo corresponds to I{M). Therefore the first assertion is just the 
pull back by h of the decomposition obtained in Lemma 3.3.5. 
An element H G D{V)'~' can therefore be uniquely written H = Hq + EH^, 
with Hq G Z{T), and G To- By induction we obtain a decomposition 
H = Ho+EHi+E^H2 ■ ■ ■+E^-^Hk-i+E^H^ where Hq, . . .,Hk-i G Z{T), 
and H'' G To- The process stops because if k is greater than the degree in 
ao of bn, then necessarily H'' G Z{T) (see Proposition 3.3.3). 

□ 

Prom the preceding Theorem and Proposition 3.1.7 we obtain immediately 
the following corollary. 

Corollary 3.3.7. 

1) Let D eT, then D can be written uniquely in the form: 

D= Hk^eE^X'' orD= ^ Hk^eX^E^ (finite sums) 
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where Hk^i £ -2(T) 

2) Let D G To [X, Y] , then D can he written uniquely in the form: 

D= T.keW,tmHk^iE^Y^ +E,.eN,.eN^r,.^'^'' (finite sum) or 
D= T.km*,tmHk,tY^E^ +E.eN,.6N^;.^'^^Mfimte sum) 

where Hk/, H^^^ G Z(T) 

Corollary 3.3.8. Let P G C[A]^° . Then P can he uniquely written in the 
form 

p 

P{X + p) = ^2 ^^(^ + p)(«oc?o + aidi H h ttrdrY 

i=0 

where Oj G C[A]'^°''^ and where A = ao-^o + a,iXi + • • • + a^A^. 

Proof. As h{E){X + p) = aodo + aidi + ■ ■ ■ + ardr, the preceding decom- 
position is just the image through the Harish-Chandra isomorphism of the 
decomposition in Theorem 3.3.6 2). 

□ 

Let us make some remarks about the Tyo-^^ction on A. In fact it is easy to see 
that as Wq stabihzes the afiine space ^4 = o* + p it also stabihzes o* (this is 
impHcit in Theorem 3.3.1). Moreover if we denote by Op the barycenter of the 
Wo-orbit of p, then Op is a fixed point of the VFo-action on A which is in M. 
As C[A]^'> = C[a* + p]^'^ = C[a* + Op]*^" ~ C[o*]''^'", and as To = D{Vf ~ 
([^l^^jH^o ig ^ polynomial algebra in r + 1 variables by Theorem 2.2.7, the 
group Wq acts as a reflection group on a* by the Shephard-Todd-Chevalley 
Theorem (this is Knop's argument). Hence by the Theorem of Chevalley, the 
r + 1 algebraically independent generators of the algebra C[^]^" ~ C[a*]^° 
can be chosen to be homogeneous, either as functions on the vector space a*, 
or as functions on A, for the vector space structure on A defined by taking 
Op as origin. The polynomial h{E){\ + p) = hE{\) = ao^o + • • • + a^Xr is 
PFo-invariant and of degree one. In general it is not homogeneous for the 
involved vector space structure, but nevertheless ii Pq,Pi, . . . ,Pr is any set 
of algebraically independent homogeneous generators of C [A\ , there must 
be one, say Pr which is of degree 1. Then Pq, Pi, . . . , Pr-i, h{E) is still a set 
of algebraically independent generators. 

We will now describe more precisely the algebra -Z(T). 

Theorem 3.3.9. 

1) Z{T) is a polynomial algehra in r variables. For D G To, let us denote hy 

D the projection of D on Z[T) according to the decomposition To = Z{T)® 
ETq. If {Bq, . . . , Br-i, E} is a set of algebraically independent generators 
of To, then {Bq, . . . ,Br-i} is a set of algebraically independent generators 
of Z{T). In particular this is the case for the set {Rq, . . . , Rr-i}, where the 
Ri's are the Capelli operators {see Theorem 2.2.7). 

2) Let D be an element of Tq and let bo be its Bernstein- Sato polynomial. 
Then D is the element of End{C[V]) which acts on each space as the 
scalar multiplication by 

(aidi -\ h Qrdr) . 

6^(ao,ai, ...,ar) = Od( ,ai, . . .,ar). 

"0 
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Proof. 1) Let us remark first that -H(T) is already known to be a polynomial 
algebra from a result of Knop ([Kn-1]). He has proved that for a regular 
action of a reductive group on a smooth affine variety the center of the 
ring of invariant differential operators is always a polynomial algebra. Let 
us give here a direct proof for the convenience of the reader. We know 
from Proposition 3.3.3 that Z{T) is isomorphic, through the Harish-Chandra 
isomorphism h, to C[A]'^'"''^. From the proof of Lemma 3.3.5 we know that 
Wq stabilizes M and that C[A]^0'^ ~ C[M]^o = C[A]^0|^. As Wq is a 
reflection group on A (this means that it is generated by the reflections it 
contains), so is W^o|m- Hence C[M]^° is a polynomial algebra in r = dimM 
variables by Chcvalley's Theorem. If {Bq^ . . . , Br-i, E} is a set algebraically 
independent generators of To, then {h{BQ), . . . ,h{Br-i),h{E)} is a set of 
algebraically independent generators of C[^]^''. As h{E)^j^ = we obtain 
that C[M]^" = C[h{Bo)\j^, . . . ,h{Br-i)\^]. As the transcendence degree 
of Frac{C[M]^") over C is r, the generators h{BQ)\^j, . . . ,h{Br-i)\j^^ are 
algebraically independent. Taking their inverse image under h gives the 
first assertion of the Theorem. 

2) The decomposition To = 2{T)(BETo is nothing else but the inverse image 
under h of the decomposition C[A]^° = C[A]^o,t ^ D £ %. 

From the proof of Lemma 3.3.5 wc have h{D) = where h(D)^^ is 

the unique {Wq, r)-invariant extension to A of h{D)^^. For A = aoAo + • • • + 
ttrXr G a*, we have h{E){\ + p) = 6^;(A) = aodo + • • • + Or^r = I^W (the 
degree form). Remember also that a* = A4 (B F, where F = CAq, where 
A4 = ker(;u). Let us write A = mx + aAo, according to this decomposition. 
Then 5£;(A) = abEi^o) = ado. Hence a = and m\ = A — ^^^Aq. Then 
we obtain: 



%(A) = hjyiX + p) = h{D)\JX + p) = h{D)\JX - ^Ao + ^Ao + p) 
= h{D\^{\-^\o + p) 

= h{D)\^ (A - i^Xo + p) = h{D){X - 4^Ao + p) 



If we translate this in the (oq, . . . , ar)-variables we obtain the second asser- 
tion. 



Corollary 3.3.10. 

Let by be the Bernstein- Sato operator ofY. For any £ G N the element of 
End{C[V]) wich acts on each space Va as the scalar multiplication by 




□ 



bri- 



(oidi + • • • + Qrdr) 



+ £,ai,... , Qr) 



is the differential operator X^~^YX^ G Z[T). Moreover, if (G, F) is a 
PV of commutative parabolic type, the differential operators X^~^YX^ (i = 
0,1,. . . ,r) are generators of Z{T). 
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Proof. As hx^-tyx^i'^Oi ■ ■ ■ ■, ^r) = V((io + ^, ai, . . . , a^), the first assertion 
is an immediate consequence of Theorem 3.3.9. The second assertion is a 
consequence of the fact that if (G, V) is a PV of commutative paraboUc 
type, the operators X^~^YX^ are (algebraically independent) generators of 
To (see Theorem 3.4.2 below). □ 



3.4. The case of regular PV's of commutative parabolic type. 

In the case where {G,V) = {G,V~^) is a regular PV of commutative para- 
bolic type, we obtain some specific results. We refer to section 2.4 for the 

notations and the structure of these spaces. 

First of all remember that in this case the degree do of Aq is equal to r + 1 
which is the rank of (G, V~^) as a MF space. Moreover the open G-orbit 
0"*" = {x € I Ao(x) 7^ 0} is a symmetric space G/H where H is the 
isotropy subgroup of /+. Let f) be the Lie algebra of H, and let q be the 
orthogonal complement of t) in g with respect to the Killing form of Q. The 
space q can also be defined as the —1 eigenspacc for the involution whose 
fixed point set is f). Let {ao, ai, . . . , Or} be the set of stronly orthogonal roots 
occurring in the descent (see section 2.4) and let {HaQ , , • • • , } be the 
corresponding set of co-roots. Define a = Yli=o Ci^a^- Then a is a maximal 
abclian subspace of q ([B-R], Proposition 5.4) and the dual space a* can 
be identified with the space of restrictions of the fundamental characters 
Ao,...,Ar to a. This is a consequence of [B-R], Lemme 2.5. Hence this 
definition of o* is coherent with the direct definition (a* = J2i=o '^^i) given 
in section 3.3. in the general case. 

Lemma 3.4.1. The root system S(g, o) is always of type G^+i and the root 
sytem S(fl, a) = S is always of type A^. 

Proof. Define 

Eij{k,l) = {X e g I [H^„X] = kX, [H^.,X] = IX, [H^^,X\ = Qiip^ i,j} 
and ^ 

Ei{k) = {Xgq\[H^,,X] = kX, [H^^,X] = Oiip^ k}. 
We know from Lemme 4.1. in [M-R-S] that: 

r 

i<j 1=0 

and 

r 

g = 4(-l, 1) © ^,(0) © E,,il, -1) 

i<j 1=0 i<j 

Moreover one has 0[=o-^i(^) ~ ^si'^)- The preceding decompositions show 
that the spaces Eij{l, 1) and Ei(2) are the root spaces of the pair (g, a). Let 
ei = i^Q-i be the dual basis of the basis Hc^. Now it is clear that the positive 
roots of S(0, a) are the linear forms £i + Sj {i < j), £i — £j {i < j) and 2ej. 
This characterizes the root systems C^+i and Ar. 

□ 
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Theorem 3.4.2. 

Let {G, V'^) be a regular PV of commutative parabolic type. 

1) For ^ G Z set = X^~^Y . Then Dq,Di, . . . , Dr are algebraically 
independent generators of To = D{V^)'^ (i.e To = C[Dq,Di, . . . ,Dr]). 

2) We have T = D{n+f = C[X,X-\Y] where C[X,X-~^,Y] is the asso- 
ciative subalgebra of D{Cl'^) generated by X, X~^ ,Y . 

3) We have TolX.Y] = D{Vf = C[X,Y, Ri, . . . , Rr] where the Ri's are 
the Capelli operators which were introduced before Theorem 2.2.7, and where 
C[X, Y,Ri,..., Rr] is the associative subalgebra ofD{V^) generated by X, Y, 

Rl, ... , Rr. 

Proof. 1) For A G t*, we will denote by A the restriction of A to a. Through 

the "classical" Harish-Chandra isomorphism 7 for symmetric spaces ([H-S], 
Part II, Theorem 4.3) the algebra % is isomorphic to ^(a)^ = C[a*]^, 
where W is the Weyl group of the root system S of (g, a). Prom Lemma 3.4.1, 
this Weyl group is the symmetric group acting by permutations on the cSJ's. 
We will choose an order on S such that i?+ C S^. Define p = S^es-- 
is well known that for D £ To and = Yli=o ^^^i ^ ^* ^ l{^){'P ~ P) is equal 
to the eigenvalue of D acting on Aq° . . . A"'' . In other words we have: 

^{D){Ti-p) = hD{p). 
Prom [R-S-2], Lemme 3.9 p. 155 we know that 

d d ^ 

i<j i=0 

and from [ibid.], Lemme 3.8 p. 155 we also have: 

/i = aoao + (ao + ai)aT + . . . + (ao H h 0^)07.'^ 

Let us now make the following change of variables: 

/"j = ao H ^ a-i, for i = 0, . . . , r. 

As bDcip) = 6y(/Lio + £, . . . + = cn[=o(A*i + ^ + (sec Example 3.1.2) 
we obtain 

7(L>^)(7I) = bD.ifi + p) = bD,{El=o f^i^i + i ELo(^ - 2^)0?) 

=cul=oi^^+^r+e). 

As expected the polynomials 7(-D^) are symmetric (i.e. invariant under W). 
Moreover it is easy to prove that these polynomials, for ^ = 0, . . . , r, are al- 
gebraically independent generators of the algebra of symmetric polynomials. 
This proves 1). 

2) As T = To[X, X^^] (see Proposition 3.1.7), and as, from 1), the elements 
of To are polynomials in X,X~^,Y we obtain that T C C[X,X~^,Y]. The 
inverse inclusion is obvious. 

3) The inclusion C[X, Y, Ri, . . . , Rr] C D{V)^' = To[X, Y] is obvious. Con- 
versely, from Theorem 2.2.7 we have To[X,Y] = C[Ro,Ri, . . . , Rr] [X, Y] . As 
Ro = XY (see Remark 2.2.8), we have To[X, Y] c C[X, Y,Ri, . . . ,Rr]. 



tThe change of sign with respect to Lemme 3.9 in [R-S-2] is due to the fact that we 
consider here characters of relative invariants instead of highest weights. 
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□ 



Remark 3.4.3. According to Terras [Ter](II, p. 208), the operators Dfi were 
first considered by Selberg on positive definite symmetric matrices. They 
appear also in Maass ([M]), in the same context of positive definite symmet- 
ric matrices. In the context of symmetric cones, the analogue of assertion 
1) of the preceding theorem can be found in [F-K] (Corollary XIV. 1.6). 

Remark 3.4.4. Note first that in all cases = E. In the special case 
where G ~ SO{k) x C* and ~ C'^ (corresponding to the cases and 
D\ in Table 1), we have always r = 1, and assertion 3) of the preceding 
theorem yields 



This was proved by S. Rallis and G. Schiffmann ([Ra-S] , Lemma 5.2. p. 



3.5. Ideals of T = %[X,X-^\ = D{nf' and Tq[X,Y] = D{Vf'. 



Here {G, V) is again a MF space with a one dimensional quotient. 

Let J be a left (resp. right) ideal of T. Then J is said to be a graded left 

(resp. right) ideal if J = (BiezJi where Ji = J 0%. 

Theorem 3.5.1. 

1) Let J be a graded left ideal ofT, then J = ®i^zX'^jQ. Conversely if Jo is 
any ideal of the (commutative) algebra To, then J = ©jgzX'Jo is a graded 
left ideal of T ■ 

2) Let J be a graded right ideal ofT, then J = ®i^iJoX'^ . Conversely if Jo 
is any ideal of the (commutative) algebra To, then J = ®i^zJoX^ is a graded 
right ideal ofT. 

3) Let J be a two-sided ideal of T. Then J is graded, Jo is a T-invariant 
ideal of To and J = ©jgzXVo = (Bi^zJoX^. Conversely if Jq is ar-invariant 
ideal of To, then J = ©jgzXVo = Qi^zJoX^ is a two-sided ideal ofT. 

Proof. Let J = (Bi^zJi be a graded left ideal. Then Jq is an ideal of To 
and X^Jq C J CiT = Ji and conversely X~^Ji C J HTo = Jo- Therefore 
J = ®iezX^Jo. 

If Jo is an ideal of To, define J = ®i^iX^Jo. Let Dj G Tj, then DjX^Jo = 
X^X\X-^X-WjX^)Jo. As {X-^X-WjX^) e To, we obtain that DjX^Jo G 
X^~^^ Jq C J. Hence J is a graded left ideal. 
The proof for graded right ideals is the same. 

Let now J be a two-sided ideal. An element D e J can be written uniquely 



D = A, where Di e T. As E e %, wc have [E, D] = ED - DE e 

J. Moreover [E,D] = Ei=-^[-E^>A] = HUidoiDi G J. By iterating the 
bracket with E we get: 



where Q{x) = X 



D(C*^)^oW =C[Q(x),Q(5),E] 

Eti^f, Q{d) = Y = j:l,£. 



112). 





i=-i 
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The square matrix defined by the linear system (3 — 3 — 1) is invertible 
because its determinant is a Van der Monde determinant. Therefore each 

operator Di belongs to J. Hence J is graded. 

As J is a two-sided ideal, we have XJqX~^ C Jqi hence Jq is r-invariant. 
Applying part 1) and part 2) we see that J = ^hziX'-Jq = ©jg^ JqX*. 
Conversely let Jq be a r-invariant ideal of To- Define J = (BiezX'^Jo. 
According to 1), J is a graded left ideal. But as Jq is r-stable one has 
X'JqX-' = Jo. Therefore J = ®i&{X' JqX-')X^ = ®iei.JoX\ Then, 
according to 2), J is also a graded right ideal, hence two-sided. 

□ 

Let us now give the description of the graded left or right ideals, and also the 
two-sided ideals of %[X,Y] = D{V)^' which is a little bit more involved. 

Theorem 3.5.2. 

l)The graded left ideals of To[X,Y] = D{V)'^ are exactly the subsets of the 
form 

J = {(S^>oY'U-,) © {(B^>oX'V,) (3-3-2) 

where the Ui 's and the Vi 's are ideals of To verifying the following conditions: 

1) There exists uq E.N such that 

Vb C yi C . . . C T4„ = Vn,+i = Vno+2 = ■■■ (3-3-3) 
and such that 

T-(^-^\YX)ViCVi-i i = l,...,no (3-3-4) 
a) There exists tuq G N such that 

^0 C C/_i C . . . C U^^, = C/_(^o+i) = i7_(„„+2) = • • • (3-3-5) 
and such that 

T^'-^\XY)U.iCU_(^i_^) i = l,...,mo. (3-3-6) 

2) The graded right ideals of To[X,Y] = D{V)'^' are exactly the subsets of 
the form 

J = i®i>oU-iY^) © {®i>oViX^) 

where the Ui 's and the Vi 's are ideals of To verifying the following conditions: 

i) There exists no G N such that 

and such that 

ViT^'-^\XY)CVi-i i = l,...,no 

ii) There exists mo G N such that 

Vo C U-i C • • • C U-mo = t/-(mo+l) = ■ • ■ 

and such that 

U-i r-(^-i) (YX) C i = 1, . . . , mo. 
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Proof. Let J be a graded left ideal of Toi-'^, Write J = ®Ji, with Ji = 
JDTi (see (3—1—2)). It is easy to see that Jq is an ideal of %■ More generally 

let us set, for i > 0,Vi = {v e To,X'-v G JJ and U-i = {u £ To,Y^u € J_j}, 
(hence Vq = Uq = Jq). Again it is easy to see that the ViS and the U-iS 
are ideals in To- From Proposition 3.1.7 we know that Jj = X'^Vi if i > 0, 
and J, = Y% if i < 0, hence ./ = {®^>oY'U-i} ® {(Si>oX%). Uv e Vi, 
then X'^v G Jj, and therefore X{X^v) = X'+^v € Ji+i- Hence v G V^+i, and 
Vi C Vi+i. Similarly one proves that U-i C 

We have obtained two increasing sequences of ideals of To- As To is polyno- 
mial algebra from Theor em 2.2.7, its is noetherian and hence there exist no 
and uiQ such that 

Vb C C . . . C = Vno+l = Vn,+2 = ■■■ 

Vq Q ^ • • • C U^mo = f^-(m.o+l) = ^-(mo+2) = ' ' ' 

and hence relations (3 — 3 — 3) and (3 — 3 — 5) are proved. 

If we take such two such sequences of ideals of To (satisfying the relations 

(3 - 3 - 3) and (3 - 3 - 5)) and if Z? G T^, wc have DY'U^i = YW'{D)U^i C 
Y'U-i. Similarly DX% = X^T-'{D)Vi C X'Vi. Therefore if we set 

J ={®i>oY'U-,)®{®i>^X%), 

then J is invariant under left multiplications by elements of To- 
In order, for such a J to be a graded left ideal, it is now sufficient to be 
invariant under left multiplication by X and Y . As the sequences U-i 
and Vi are increasing we have y(y*C/_i) = Y'^^'^U-i C y'+^?7_(j_|_]^-) and 
X{X%) = X^+^Vi C But we need also to have X{Y^U-i) C 

y^-^C/_(i_i). This condition can be written X{Y^U-i) = {XY)Y^-'^U-i = 
Y'-'^T'-'^{XY)U-i C y'-iC/_(i_i). As To[X,Y] has no zero divisors this 
implies that T'-'^{XY)U-i C [7_(i_i), which is condition (3 — 3 — 6). And 
we need also to have YX'^Vi C X^^^Vi-i. This condition can be written 
YX'Vi = {YX)X'-Wi = X'-'^T-^'-'^\YX)Vi C X'-^i^i. This implies 
that T-^'-'^\YX)Vi C Vi-i, which is condition (3 - 3 - 4). 
Conversely if conditions (3 — 3 — 4) and (3 — 3 — 6) are satisfied, it is easy 
to see that the set 

J = {(B^>oY'U-i) e i(Bi>oX'%) 

is stable under left multiplications by X and Y. Hence J is a graded left 
ideal. This proves the first part of the theorem. 
The proof for the graded right ideals is similar. 

□ 

Let us now describe the ideals (i.e. two sided ideals) of Toi-'^, y] = D{V)'^' . 
Theorem 3.5.3. 

1) Let J be a two-sided ideal of To[X,Y]. Then J is graded. 

2) The two-sided ideals of To [X, Y] are exactly the subsets of the form 

J = i®i>oY^U-i) e c/o e i®i>oXiVi) 

where the Ui 's and the Vi 's are ideals of To verifying the following conditions: 
i) There exists no G N such that 

Vo = Uo^ViC... CVn,= Fno+1 = Vno+2 = ■■■ 
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and there exists rriQ G N such that 

Vo = Uo Q U-i C • • • C U-mo = ?^-(mo+l) = U-{mo+2) = ' 
Moreover U-mo '^^^ ^"o '^^^ T-stable: 

U-mo = TiU-mo), Vno = T{Vno) 

ii) If U'_i = T-\U-i) and Vl = T\Vi), then 

c c ... c 1/4 = Ko = Ko+i = yU+2 = ■■■ 

C/^ = V^O' C C/ii C . . . C U'_mo = Umo = U'_^mo+l) = 



iii) 
iv) 



T'-\XY)U.i c;7_(,_i) i = l,...,mo 

T-(i'^){YX)Vi CFi_i z = l,...,no 

T-\U.i)YX C [/_(,_!) i = l,...,mo 

rmXY (^Vi-i i = l,...,no 



Proof. 1) The proof that a two-sided ideal of Tq[X, Y\ is graded is the same 
as for assertion 3) of Theorem 3.5.1. 

2) Let J be a two-sided ideal of To [-^,3^]- Let us first consider it as a left 
graded ideal. Then from Theorem 3.5.2 we can write: 

J = {®i>oY'U-i) ®Uq® {®i>oX%) 

where the ideals U-i and Vi verify conditions (3 — 3 — 3) to (3 — 3 — 6). 
In particular they are increasing, and stationary from the index mo and wq 
respectively. 

We set now for all ? G N: 

uL, = T~\u^i), vI = t\v^. 

The C/ij's and the V^"s are again ideals of To- Moreover as Y'^U-i = U'_jY'^ 
and X'^Vi = V^'Xi we obtain that 

J = i®i>oU'_iY') ®Uo® {®i>oVlX'). 

As J is also a graded right ideal, we know from the second part of Theorem 
3.5.2, that the sequences of ideals U'_j^ and must be increasing. Let us 
first consider the V^"s. We have: 

C v; = r(Vi) C = t\V2) C . . . C = r"«(V;j 

cKo+i = T-o+i(v;„+i)c... 

But as the sequence Vno is stationnary from the index no, we have 

r"°(Ko) C T-'>+\Vno+i) = t"°+'(Ko) C • • • C T-°+f (KJ C . . . 

and as To is noetherian, there exists p > no such that t*'(V^(,) = tP~^^{Vo). 
Hence Vng = t(V^o), that is Vno is r-stable. This implies that V^^ = Vno 
and that the sequence V- is stationnary from the same index no- A similar 
proof shows that the sequence C/ij is stationary from the index mo, that 
ULjno ~ ^"»o that Umo is T-stable. 
At this point we have proved that if 

J = {®i>oY'U-i) ®Uo® {®i>oX%), 
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then assertions 2) i) and 2) ii) are true. 

But they are still other conditions which are needed for J to be a two-sided 
ideal, namely 

T-('-^){YX)Vi CVi-i fori = l,...,no 

T'-HXY)U_i QU_^i_,) for i = l,...,mo 

V^t'-\XY) C for i = 1, . . . , no 

U'_iT-^'-'HYX) CC/i(._^) forz = l,...,mo 

(see Theorem 3.5.2). 

But as U'__j^ = T'~^{U^i) and V- = T^{Vi), the two last inclusions can be 
written 

T%Vi)T'-\XY)CT'-\Vi.l). 

r-*(C7_.)r-(-i)(yX) C t-^^-'\u_^,_,^) 
Applying respectively r~*^*~^^ and T*~^to these inclusions we obtain 
T{Vi)XY CVi-i, for i = l,...,no 

T-\U-i)YX C for i = 1, . . . , mo. 

Hence conditions 2) in) and 2) iv) are proved. 
Conversely we have to prove that if 

J = {®i>oY'U-i) ®Uo® {®i>oX%), 

where the ideals U-i and Vi of To verify the conditions 2)i),2)ii), 2)iii) 
and 2)iv) above, then J is a two-sided ideal of To [^,5^]- This is just a 
straightforward verification. 

□ 

Example 3.5.4. Let V a r-stable ideal of To- Then 

Jiv) = {(Bi>oY'v) e F e iei>oX'v) 

is a two-sided ideal of To [X, Y] . 

Theorem 3.5.1 and Theorem 3.5.3 show the importance of r-invariant ideals 
of To in the description of the two-sided ideals of 7o[X,X~^] = D{^})'-^ 
and Tof-'^^, y] = D{V)'^ . For completeness we indicate how such ideals are 
obtained. 

Proposition 3.5.5. Any r-invariant ideal of To (= D{V)^ = is 
generated by a finite number of r-invariant polynomials. 

Proof. Remember from Theorem 3.3.1 that To = D{V)'-' is isomorphic 
through the Harish-Chandra isomorphism to C[^]'^° where Wq is a finite 
reflection subgroup of W. Therefore we have to prove that any r-invariant 
ideal of C[A]^o is generated by a finite number of r-invariant polynomials, 
where the automorphism r of C[A]'^" is defined for P G C[^]'^° by r(T')(A-|- 
p) = P{(X — Ao) -I- p) (see Definition 3.3.2). Let A = aoAo -|- • • • -|- a^Ar G a*, 
then any P G C[A] can be viewed as a polynomial in ao, ai, . . . , a^, and then 
r{P){ao,ai, . . . ,ar) = P{ao — l,ai, . . . ,ar). Let P G C[^] and let d be the 
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degree of P in oq. In the ring C[^] = C[ao, ai, . . . , a^] = C[ai, . . . , ar.][ao] we 
can write: 

P(ao, . . . ,ar) = Pd{ai, . . . ,ar)ao + Pd-i (ai , . . . , 0^)03"^ H (*) 

Let us show by induction that is a hnear combination of P, t{P) , (P) , . . . 
It is certainly true if d = 0, because in that case Pq = P. Suppose that it is 
true for all degrees < d — 1. Then 

P - r(P) = Pd(ai, . . .,ar){4 - (oq - 1)'^) + • • • 

Hence the degree in 00 of P — t(P) is d — 1, and therefore by the induction 
hypothesis we obtain that P^ is a linear combination of P — t{P),t{P — 
r(P)), r^(P — r(P)), . . . , hence a linear combination of P, t{P),t^{P), . . . . 
Remark also that the polynomials Pq, Pi, . . . , P^ are r-invariant because they 
do not depend on gq. 

It follows that if / is r-invariant ideal of C[^]^° and if P G /, then all 
the coefficients Pi(ai, . . . , a^) in the expansion (*) above belong to /. As 
h{E)(X + p) = aodo + aidi + • • • + Urdr, the polynomial (Ti(ao, ai . . . , a^) = 

aodo + aidi H h ar-d.,- belongs to C[A]^». Then P - Pd{^Y belongs still 

to /, and its degree in cq is < d. An easy induction on d shows that any 
P E: I can be written P = J2 Pj^j-: where Pj belongs to I and is r-invariant, 
and where Gj G C[^]^o. This proves that the ideal / C C[74]^o is generated 
by a finite number of r-invariant polynomials. 

□ 



4. Embedding of T into C[i,i-\i^] C[Xi, • • • 

In this section again (G, V) is a multiplicity free space with a one dimensional 
quotient. Remember that we have defined ^ = {x eV \ /S.q{x) ^ Q). 

4.1. Vector space embedding of C[t, t-^](g)C[Xo, • ■ ■ , X^] into End{C[0]). 

Recall from Lemma 2.2.3 the multiplicity free decomposition of C[0] into 
irreducible representations of G: 

C[0] = Fa. 

a=(ao,ai,...,ar)gZxN'' 

For a = (ao, ai, . . . , a^) and m G Z, we set a + m = (ao + m, ai, . . . , a^). 
Then for P G 14 we have 

XP = AoP G Va+i (4-1-1) 

yP = 6y(a)^ = 6y(a)X-iPGya-i (4-1-2) 

EP = bE{aL)P G Fa (4-1-3) 

(Remember that ^^(a) = c?oao + ^^i^i + • • • + drUr is the degree of the 
polynomials in V^). 

Therefore the operators E, X, Y, X~^ are very well understood as elements 
of End{C[^]) (Here End{C[Q]) denotes the set of linear mappings from C[Q] 
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into itself). More precisely the operator E is diagonalisable on C[i}]. The 
action of Y "goes down" from to V^_i. More precisely the action of Y 
on Va is the action of (division by Aq) multiplied by the value of the 
polynomial by at a. 

The preceding remarks suggest an embedding of the vector space C[t, t~^] (8) 
C[Xo, • • • , Xr] into End(C[Q,]). Let us make this more precise. If U and V 
are vector spaces over C we will denote by C{U, V) the vector space of linear 
maps from U to V. 

Let us also remark that from the preceeding decomposition of C[0] we get: 
End{C[n]) = C{Ve,,C[n]) (4-1-4) 

aeZxN" 

Definition 4.1.1. For a G Z x W , P G C[Xq,Xi, . . . q G C[t,t-^] we 
will denote by ipa{q P) the element o/ £(T4, C[ri]) defined by: 

Qa e Va, MQ ® P)Q^ = P{si)qi^o)Qa- 

((/?a defines a linear map from C[t, t~^]0C[XQ, ■ ■ ■ , Xr] into >C(V^, End(C[D,]))) 
From (4 — 1 — 4) we define then an element 

ipe C{C[t,t-^]®C[Xo,--- ,Xr],End{C[n])) by 

f= © "^a- 

Proposition 4.1.2. 

The linear map : 

^ : C[t, t-^] (g) C[Xo, ■■■ ,Xn] — > End{C[n]) 

is injective and its image is stable under the multiplication (composition of 
mappings) in End{C[U]). 

Proof. Any element u in C[t, t"^] (g) C[Xo, ■ ■ ■ , Xr] can be written as a finite 
sum 

u = ^f(S)Pi ieZ,Pie C[Xo, ■■■ ,Xr]. 
Suppose that u G ker (p. Then for any & we have: 

= ipiu)Qa = Y,^(^' ® = ^P,(a)A^Qa. 

This implies that i-*i(a) = for all i and all a, and therefore ip is injective. 
To prove the stability under multiplication it is enough to prove that for any 
R,S e C[Xo, ■ ■ ■ ,Xr\ and £,m eZ the endomorphism cpit"^ R)(p{t^ (g) S) 
belongs to the image of if. If Qa G Va, wc have ip{t"^ (g) R)ip{t^ S)Qa = 
•pit"" (g i?)5(a) A^Qa = R{a + ^)5(a) A™+^Qa = ^{t""^^ » {nR)S)Qa where 
TiR{X) = R{X + i) and where X + £ = (Xq + Xi, . . . , Xr). 

□ 
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4.2. Algebraembeddingof C[i,i-\i^](8)C[Xi,--- , Xr] into End{C[n]) . 



Recall that if A and B are two associative algebras the tensor product A(8)B 
is again an algebra, called the tensor product algebra, with the multiplication 

defined by 

ai, 02 € A, 61, 62 e B (ai (g) 6i)(a2 (g) 62) = 01^2 "X) 6162 (4-2-1) 

The tensor product algebra C[t, t^^] (g) C[Xo, • • • ,Xj.] is commutative. On 
the other hand the algebra End{C[^l'^]) is of course non commutative. Let 
us use the injectivity of ip and the stability of its image under multiplication 
to define a new multiplication in <C[t,t^^] (g) C[Xq,--- ,Xr] by setting for 
q,reC[t,t-^] andfor P,QgC[Xo,--- 

{q P)(r Q) = ip-\ip{q «) P)ip{r <^ Q)) (4 - 2 - 2) 

More explicitly it is easy to see that for m,l € Z and P,Qg C[Xo, • • • , Xr] 
we have: 

(r ® P) {t' Q) = t^+^ {TeP)Q (4-2-3) 
(where r,P(Xo, Xi, . . . , X,) = P{Xo + £, X^, . . . , Xr)). 

With this multiplication C[t, t~^] (g) CfXo, • • • , Xr] becomes a non commuta- 
tive associative algebra. 

We will denote by C[t,t~^,t-^] = C[t,t~^, ^] the algebra of differential op- 
erators on C* whose coefficients arc Laurent polynomials. In other words 
we have C[t, ^"^ t^] = D{C*), the Weyl algebra of the torus. 

Proposition 4.2.1. 

The algebra C[t, t~^] (g> C[Xo, • • • , Xr] whose multiplication is defined by (4 — 
2—3) is isomorphic to the tensor product algebra C[t,t~^ ,t-^]^C[Xi, ■ ■ ■ ,Xr] 
{extended Weyl algebra of the torus). 

Proof. We define first an isomorphism 

V : C[t,t-^]®C[XQ,--- ,Xr] C[i,t-\t^] ®C[Xi,-- - 

between the underlying vector spaces. After that we will prove that v is in 

fact an algebra isomorphism. 

A vector basis of C[t,t~^] g) C[Xo, . . . is given by the elements i"* (g) 
1 . . . X^^ (m € Z, G N). The isomorphism u is defined by 

i/(t™ X^^X^^ . . . X^^) = f^it^T" ® ■ ■ ■ " (4 - 2 - 4) 

(As the elements t"'(t^)"0(g)Xf ^ . . . X^- define a vector basis of C[t, t^]® 
C[Xi, • • • ,Xr] the linear map v is effectively a vector space isomorphism). 
If X = {Xq, . . . , Xr), we set X = {Xi, . . . , Xr). In order to prove that v is an 
isomorphism of algebras, it is enough to prove that for any m, £ G Z, z, j G N 
and for any A,B e C[Xi, ... ,Xr], 

ulit"^ ® X'oA{X)){t^ ® ^o^(X))] = ® X'oA{X)]u[t^ ® ^^^(X)] 

(4 - 2 - 5) 

where the product on the left side is defined by (4 — 2 — 3) in C[t,t ^] (g) 
C[Xo, . . . ,Xr] and the second one is the usual product in the tensor algebra 

C[t,t-\tj^]^C[Xi,--- ,Xr]. 
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We will need the following lemma whose easy proof by induction is left to 
the reader. 

Lemma 4.2.2. For any i,j eN, i e Z: 

\P+3 



p=0 

Consider the left hand side of (4 — 2 — 5): 

vlif" ® XiA{±)){t^ ® XiB{±))\ = v[t'^+^ (Xo + iyxiA{±)B{±)\ 



= (t^f+J' (8) A{±)B{±). 



p=0 

On the right hand side of (4 — 2 — 5) wc have: 

vlf^ ® Xi^A{X)]u[t^ ® xIb{X)] = t"'{tiyt'^{t^y (8) A(X)S(X) and then 
using Lemma 4.2.2 we obtain the equality. 

□ 

Let us summarize the preceding results: 

Theorem 4.2.3. 

1) The linear map 

^ : C[t,t-\t-^](E)C[Xi,--- ,Xr] ^End{C[n]) 
defined for Qa GVa by 

is an injective homomorphism of associative algebras. 

2) The algebra T = To[X,X-^] = D{n)'^' is in the image of ^ . More 

precisely: 

a) IfDeTp, thenD = -^{tPbD{tj^,Xi,...,Xr)). 

b) In particular 

E = ^{do{t^) + diXi + ■■■ + drXr), X = X-^ = *(ri), 
dt 

Y = ^{t-'bY{tj^,X,,...,Xr)). 



5. The structure of D{V)^' 



5.1. Smith algebras over rings. 

Definition 5.1.1. Let A be a commutative associative algebra overC, with 
unit element 1 and without zero divisors. Let f,uE A[t] be two polynomials 
in one variable with coefficients in A. Let n G N*. 
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1) The Smith algebra S{A, /, n) is the associative algebra over A with gener- 
ators {x,y,e) subject to the relations [e,x] = nx, [e, y] = —ny, [y,a;] = /(e). 

2) The algebra U{A, u, n) is the associative algebra over A with generators 
{x,y,e) subject to the relations [e,x] = nx, [e,y] = —ny, xy = u{e), yx = 
u{e + n). 

Remark 5.1.2. 1) The algebras S{C,f,n) were introduced and intensively 
studied by S. P. Smith ([Sm]) who called them "algebras similar to U{sl2)" , 

where Zi(s[2) is the enveloping algebra of 5(2 . In fact they share many inter- 
esting properties with U{si2), in particular they have a very rich represen- 
tation theory. 

2) In fact we will see below that the algebra C/(A, /, n) is a quotient of 

SiA,f,n). 

3) One can prove, as in [Sm], that if the degree of / is one and n 7^ 0, and 
if the leading coefficient is invertible in A, then S{A,f,n) is isomorphic to 
the enveloping algebra U{sl2{A)). 

For a ring S, an automorphism a € Aut(S') and a cj-derivation 5 of S, the 
skew polynomial algebra S[t, a, 6] has been defined in section 3.2. 

Proposition 5.1.3. 

Let b the 2- dimensional Lie algebra over A, with basis {e, a} and relation 
[e,a] = na. LetU{b) be the enveloping algebra ofb. Define an automor- 
phism a ofU{b) by a{a) = a and a{e) = e — n and define also a a-derivation 
5 ofU{b) by 5{a) = /(e) and 5{e) = 0. Then 5( A, /, n) ^U{b) [t, a, 5] . 

Proof. The proof is almost the same as the one given by S. P. Smith ([Sm], 
Prop. 1.2.). It suffices to remark that the algebra hl{b)[t,a,S\ is an algebra 
over A with generators e, a, t subject to the relations 

[e, a] = na, 

at = tu{a) -\- (5(a) which is equivalent to at = ta-\- /(e), 

et = ta{e) -\- S{e) which is equivalent to et = t{£ — n) = te — nt. 

Then the isomorphism ^(A, /, n) ~ U{b)\t, cr, S\ is given by e 1 — > e, x 1 — > a 
and y 1 — > t. 

□ 

Corollary 5.1.4. 

^(A, /, n) is a noetherian domain with A-basis {y^x^e'^,i,j, A; € N} (or any 
similar family of ordered monomials obtained by permutation of the elements 
(.y,x,e)). 

Proof, (compare with [Sm], proof of corollary 1.3 p. 288). Wc know from 
[MC-R] Th. 1.2.9, that as U{b) is a noetherian domain, so is S{A,f,n) ~ 
U{b)[t,a,5]. Since 

U{b)[t, a, S] = U{b) © U{b)t © U{b)t'^ © U{b)t^ © • • • © U{b)t^ © . . . 

= U{b) © tU{b) © t^U{b) © t^U{b) © • • • © t^U{b) © . . . 

(direct sums of A-modules) and since the Poincare-Birkhoff-Witt Theorem 
is still true for enveloping algebras of Lie algebras which are free over rings 
(see [Bou-1]), the ordered monomials in (y, x, e) beginning or ending with 
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y form a basis of the algebra 5(A, /, n) . To obtain the basis {e^y^x^} 
or {x^y^e^} it suffices to replace the algebra b by the algebra b_ which is 
generated by e and y. 

□ 

Remark 5.1.5. The adjoint action of e [u \ — > [&,u\) on S{A,f,n) is semi- 
simple and gives a decomposition of S{A,f,n) into weight spaces: 

SiA,f,n) = (Bu&SiA,f,nr 

where S{A,f,nY = G ^(A, /, n), [e, it] = vnu). As [e,x^y'^e^] = n{j — 
i)y^x^e'^, we obtain, using Corollary 5.1.4, that the ordered monomials of the 
form x^y'^e^ form an A-basis for 5(A, /, n)^ . Moreover as yx = xy + /(e), it 
is easy to sea that S{A, f,n)^ = A[xy,e] = A[yx,e], where A[xy,e] (resp. 
A[yx,e]) denotes the A-subalgebra generated by xy (resp. yx) and e. 

The proof of the following Lemma is straightforward. 
Lemma 5.1.6. 

Let n e N* and let f G A[t]. There exists an element u G A[t], which is 
unique up to addition of an element of A, such that 

f{t) = u{t + n) - u{t) (5-1-1) 

Proposition 5.1.7. (compare with [Sm], Prop. 1.5) 
Let u be as in the preceding Lemma. Define 

fti = xy — u{e) and 0,2 = xy + yx — u{e + n) — n(e). 

Then 0,2 = 20,i and the center of S{A,f,n) is A[Oi] = A[02] which is 
isomorphic to the polynomial algebra A[t]. 

Proof. From the defining relations of ^(A, /, n), we have [y, x] = yx — xy = 
/(e) = u{e + n) — u{e) and therefore 1^2 = 2rii. 

Let us now prove that Qi is central. As Q,i € A[xy, e] = ^(A, /, n)° (Remark 
5.1.5), we see that commutes with e. 

From the defining relations of S{A, f, n) we have also [e, x] = ex — xe = nx, 
hence ex = x{e + n) and therefore, for any G N, e^x = x{e + n)^. 
This implies of course that for any polynomial P G A[i] we have 

P{e)x = xP{e + n) or P(e — n)x = xP{e). (5 — 1 — 2) 

Similarly one proves that 

P{e)y = yP{e — n) or P{e + n)y = yP{e). (5 — 1 — 3) 

Let us now show that fii commutes with x. Using Lemma 5.1.6 and (5—1—2) 
we obtain: 

xOi = x{xy — ■u(e)) = x^y — xu{e) = x{yx — /(e)) — xu{e) 

= x{yx — u{e + n) + u{e)) — xu{e) = xyx — xu{e + n) = xyx — u{e)x 
= ilix. 

A similar calculation using (5 — 1 — 3) shows that Qi commutes also with y. 
Hence Qi belongs to the center of -S'(A, /, n). 
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Let now z be a central element of ^(A, /, n). Then z G ^(A, /, v)p . We have 
^(A, /, n)° = A[xy, e] = A[fii,e], and hence z can be written as follows: 



^^Ci(e)r2^ (finite sum) 



where Cj(e) G A[e] 
We have: 



= \z,x\ = [^Ci{e)n\,x] = Y^[ci{e),x]n\ 

= ^(cj(e)x - xci{e))n\ = ^x{ci{e + n) - Ci{e))n\ (using (5 - 1 - 2)) 

= x(^(ci(e + n) -Cj(e))Qi) 
As the algebra -^(A, /, n) has no zero divisors we get: 

Y^(c,{e + n)-Ci{e))n\=0 (*) 

Let us now prove that the elements e^Q\ € N) are free over A (this will 
prove that A[r2i] is a polynomial algebra). Suppose that we have 

aije^Q\ = with G A. 

As Qi = xy — u{e), we have 

Q\ = x^y^ modulo monomials of the form e^x^y^ with p < i. 

Therefore for all we have ctjj = 0. Then from (*) and from Corollary 
5.1.4 above we obtain Cj(e + n) — Ci{e) = 0, for all i. As the elements 
are free over A (again Corollary 5.1.4) we obtain from Lemma 5.1.6 that 
Cj G A, for all i. 

□ 

Remark 5.1.8. Let u G A{t]. Define / G A[t] by f{t) = u{t + n) - u{t) 
(see Lemma 5.1.6). Then, from the definitions we have: 

U{A, u, n) = S{A, f, n)/{xy - u{e)) = S{A, f, n)/(i^i) 

where {xy — u{e)) = (Oi) is the ideal (automatically two-sided) generated 
by xy — u{e) = fti. Again, as for ^(A, /, n), the adjoint action of e gives a 
decomposition of U{A,u,n) into weight spaces: 

U{A,u,n) = e^ezU{A,u,nY (5-1-4) 

where U (A, u, nY = {v ^ U{A, u, n), [e, v] = vnv}. 

Proposition 5.1.9. 

Let u G A[t\ and s G N. The A-linear mappings 

if -.Alt] — > U{A,u,n) tp-.Alt] — > U{A,u,n) 

P ^ (p{P) = FP(e) P ^ ip{P) = y'P{e) 

are injective {in particular the subalgebra A[e] C U{A,u,n) generated by e 
is a polynomial algebra) . 



INVARIANT DIFFERENTIAL OPERATORS 39 

Proof. Define f{t) = u{t + n) — u{t). Every element of 5(A,/, n) can be 
written uniquely in the form 



(Corollary 5.1.4). Therefore, from Remark 5.1.8, every element in U (A, u, n) 
can be written in the form: 



Let P{t) = X^f^o*^***' (^i G A) be a polynomial such that x^P{e) = 
(i.e. P G ker^j). As U{A,u,n) = 5(A, /, n)/(J7i), we see that there exists 
a G ^(A, /, n) such that 

p 

a^e* = afli = a{xy — u{e)). 

i=0 

If a = ^ ak/^m^^x^y"^ , using the fact that = xy — u{e) is central and 
relation (5 — 1 — 2) we get: 
p 

x' Gie' = ( ak,t,me^x^y'^){xy - u{e)) = ^ ak,e,me''x\xy - u{e))y"' 

i=0 k,£,m k,£,m, 

= '^k,t,me^x^+^y'^+^ - Y ak,e,me''x''u{e)y"' 

k,£,m k,£,m 

= Y ^kAme^x^^^y""^^ - Y ('kAme''u{e - ln)x^y"' (**) 

k,t,m k,£,m 

Suppose now that a j^O, then one can define 

io = max{^ e N, 3k, m, akAm 0}- 

Let kojiTiQ be such that akofy^mo 0- Prom (**) above we get: 

p 

x'Y(^i^'+ Yl ak,e,me''u{e-en)x^y"' = Y ak,e,me''x^+^y"'+\ 

i=0 k,£,m k,£,m 

Using again (5 — 1 — 2) we obtain: 

p 

Y^iie- nsfx' + Y ak,£,me''u{e - en)x^y"' = Y ak,£,me''x^+^y"'+^ . 

i=0 k,£,m k,£,m 

The left hand side of the preceding equality does not contain the monomial 
gko^£o+iymo+i^ whereas the right hand side does. As the elements e^x^y"^ 
are a basis over A (Corollary 5.1.4), we obtain a contradiction. Therefore 
a = 0, and hence x'^ Yli=o '^i^^ ~ 0' again from Corollary 5.1.4, we 
obtain that = for all i. This proves that kenp = {0}. The proof for 
is similar. 

□ 

Corollary 5.1.10. Every element u in U{A,u,n) can be written uniquely 
in the form 

U= Y ^k/y^e'' + Y l3rn,rX"'e' 
£>0,k>0 m>0,r>0 

with ak,£,l3m,r e A. 
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Proof. From Corollary 5.1.4 and Remark 5.1.8 we know that any element 
in U{A, u, n) can be written (in a non unique way) as a linear combination, 

with coefficients in A, of the elements x^y^ef' . 
Suppose that i > j. Then we have: 

As yx = u{e + n) and xy = u[e), we sec that xH/ = Qj{e), where Qj is 
a polynomial with coefficients in A. Therefore x''y^e^ = '^£^ex^~-^e^, with 
7£ G A. Similarly one can prove that if z < j, we have x^y^e!^ = 5iff~^e^, 
with S( G A. This shows that any element u in U{A, u, n) can be written in 
the expected form. 
Suppose now that: 

i>0,k>0 m>0,r>0 

Then, as y^e'' € U{A,u,n)~^ and x"^e^ G U{A,u,n)"^, we deduce from 
(5-1-4) that 

y£>0,J2 = 0' Vm > 0, ^ Pm,rx'^e' = 0. 

k r 

Then from Proposition 5.1.9, we deduce that ak^^ = and I3m,r = 0. 

□ 



5.2. Generators and relations for D{V)'^' . 

Let Z{'T)[t] be the polynomials in one variable with coefficients in Z{T). 
From the commutation rules [E, X\ = EX — XE = doX and [E, Y] = —doY, 
we easily deduce that for P G Z(T)[t] we have 

YP{E) = P{E + do)Y, XP{E) = P{E - do)X. (5-2-1) 

Prom Proposition 3.3.6 above, we know that any element in D{V)'^ can be 
written uniquely as a polynomial in E with coefficients in Z{T). As XY 
and YX belong to D(y)'-' , there exist therefore two uniquely determined 
polynomials uxy and uyx G -2(T)[t] such that XY = uxy{E) and YX = 
uyx{E). From (5 — 2 — 1) we obtain that 

YXY = UYxiE)Y = YuxYiE) = uxy{E + do)Y 

and therefore 

UYx{E) = uxy{E + do) (5-2-2) 

As the polynomial uxy will play an important role in Theorem 5.2.2 below, 

let us emphasize the connection between uxy and the Bernstein polynomial 
by- Remark first that by = bxy- We know from Corollary 3.3.8 that 

h{XY){\ + p) = bxY{X) = by{X) 

p p 
= Y + p){aodo + aidi + ■■■+ Urdrf = ^ ft(A + p){h{E){\ + p))' 

i=0 1=0 

with uniquely defined polynomials G C[A]^0''^. Therefore we obtain: 
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Proposition 5.2.1. 

Keeping the notations above, we have 

p 

uxY{t) = Y,h-\/3i)f 

1=0 

Theorem 5.2.2. Let fxrit) = uxvit + do) — uxY{t)- The mapping 

XI — > X, yi — >Y, ei — > E 

extends uniquely to an isomorphism of Z{T)- algebras between U{Z(T), uxY,do) — 
S{Z{T),fxY,do)/{ni) andD{Vf' = To[X,Y]. 

Proof. As [E,X] = doX, {E,Y] = -doY, XY = uxy{E) and YX = 
uxy{E + do) (see (5 — 2 — 2)), and as from Proposition 3.3.6 the algebra 
D{V)^' = Tq[X,Y] is generated over 2(T) by X, Y, E, we know (universal 
property) that the mapping 

x< — yX, yi — yY, ei — yE 

extends uniquely to a surjective morphism of 2^(7^-algebras: 

if : U{Z{T),uxY,do) To[X,Y]. 

Prom Corollary 5.1.10 any element u in U{Z{T^,uxY,do) can be written 
uniquely in the form 

e>0,k>0 m>0,r>0 

with ak/,Pm.r € Z{T). Suppose now that u € ker((/?), then 

e>0,k>0 m>0,r>0 

with ak,e,(3m,r G -2(T). then Corollary 3.3.7 implies that ak,e = Pm,r = 0. 
Hence (p is an isomorphism. 

□ 



6. Radial components 

6.1. Radial components and Bernstein-Sato polynomials. 

For (ai, a2, ■ ■ ■ , flr) G we define a = (0, ai,a2, ■ ■ ■ , ar). By abuse of nota- 
tion we will also write {w, a) = {w, ai, 02, . . . , a^) for any variable w, and we 
sometimes consider a as an element of N''. We know from (2 — 2 — 4) that 
if a = (ao, ai, . . . , Or), then = Aq°V~. Wc know also from Proposition 
2.2.6 that the spaces = ©aoeN^o"^ are the G'-isotypic components of 
C[y] and that the spaces = ©aoGzAo*^^ are the G'-isotypic components 
of C[ri]. Therefore the algebra DiV)^ = %[X,Y] stabilizes each space C/g 
and the algebra D{i})'^ = 7o[X,X~^] = T stabilizes each space Wg. 
Let us consider the restriction map: 

D{nf' End{W^) 
D ^ r-SD) = D^ 
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Definition 6.1.1. Let D £ D{n)^' = Tq[X,X-^ = T. The operator 
r-{D) = is called the radial component of D with respect to a. 

Example 6.1.2. Consider the case where 5 = 0. Then = C[Ao, Aq 
and rQ{D) = D is the endomorphism of C[t, defined by D{ip o Aq) = 
D((p) o Aq. The operator D is the usual radial component of D (we will see 
below that D is a differential operator). 

Notice now that the space = (Bao&'N^o°Va can be viewed as the space 
of Laurent polynomials in Aq, with coefficients in V^, in other words any 
P € can be written uniquely under the form 

with 7p € Va- This can also be written as P = (y9o(Ao), with {p{t) = ^ t^7p G 
(where is precisely the set of linear combinations '^t^jp, 

with 7p G V^). 

There is a natural action of D{C*) = C[^,^-^^^] on V^[t,t~^] given by 
itPjp = ptP-'^p. 

Proposition 6.1.3. 

Let D £ Tn a homogeneous element of degree n. Let bn be its Bernstein- Sato 
polynomial. Let f € Va[t, t~^] . Then D{ip o Aq) = {f^boit-^^ai, . . . , ar)(p) o 
Aq, in other words r^{D) = t"'bj:){t-^, ai,. . . ,ar). 

Proof. It is enough to show that the two operators coincide on elements of 
the form Aq7p, with 7p G T^. Then tp = t^jp. Let us write 

boia.) = ^ Ck{ai, ar)aQ 
k 

We have: 

itHDiti,ai, ar)<p) o Ao = i"(Efe Ck{ai, a,)(i|)V) o Aq 
= r{EkCk{ai,...,ar)pHPjp)oAo 

= (i"^D(p, oi, . . . , ar)tPjp) o Ao = 6£,(p, ai, . . . , ar)Ag+"7p 
= D{AU) 

□ 

Remark 6.1.4. From Theorem 4.2.3 we remark that r-{D) is nothing else 
hut^-\D){t,t-\tf^,ai,...,ar). 

Corollary 6.1.5. 

// {G, V) is a PV of commutative parabolic of rank r + 1, then the radial 
component of Y is given by 

^ d d 
i=o 

Proof. This is just a consequence of the formula for by given in Example 
3.L2 

□ 
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Example 6.1.6. Consider the case vl2(n-i)+i in Table 1. In this case G = 
S{GL{n) X GL{n)) = {(51,52) e GL{n) x GL{n) \ det(5i52) = 1},V = M„ 
is the full matrix space of size n, and the action is given by (gi,g2).X = 
giXg^^, for X eV. Then Aq = det and 

Y = Ao{d) = det(-^) 

where the coeficients of the matrix X. As in this case o = 1 (see 

[M-R-S], table 2 p. 122), we have 6y(ao,ai, . . . ,an-i) = 11^=0 («o + ai + 
■ ■ ■ + Qj + j). Therefore the ordinary radial component Y = r^iY) defined 
by det(^^)((^ o det) = {Y^) ° det is given by 

F=*-'n(,|+,). 

i=o 

This radial component has already been calculated by Rai's ([Ra], p. 22), 
by other methods. He obtained that Y = [11^=2 (*^ ^ simple 

calculation shows that the two operators are the same. 



6.2. Algebras of radial components. 

Definition 6.2.1. The radial component algebra is the image of D{V)'^' = 
To[X,Y] under the map D 1 — > r-{D). 

Remember from Proposition 3.3.3 that the elements D in Z{T) are char- 
acterized by the fact that the corresponding Bernstein-Sato polynomial bo 
does not depend on the oq variable. Therefore such a D acts by the scalar 
boia) on W^, that is r-{D) = 6z5(a)I|j^_. 

Let us consider the polynomial uxy € -2'('7")[t] which was introduced in 
section 5.2. If uxy = Ylj Ci**, with Cj G 2{T), we define 

r-^{uxY) = Y.^-A<H)feC[t]. 
j 

Theorem 6.2.2. 

The radial component algebra is isomorphic, as an associative algebra 
over C, to the algebra U{C,r^{uxY), do) introduced in Definition 5.1.1. 

Proof. The algebra is generated over C by the elements r- (E) ,r-{X),r- (Y) . 
The defining relations of U{C,r-{uxY),do) are verified: 

- [r,(E),r,(X)] = r.J[E,X]) = dor,(X) 

- [r,(^),r,(y)] = rj[i?,y]) = -dor.jY) 

- r,(X)rjy) = r,(Xy) = r,(iixy)(r,(i?)) 

- r,(y)r,(X) = r-^iYX) = r,(«xy)(r,(^) + do). 
Therefore the mapping 

x^r-{X), y^r-{Y), e ^ r-{E) 

extends uniquely to a surjective morphism of C-algebras 

</?5 : U{C,r-{uxY),do) — > Ra- 
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From Corollary 5.1.10 any element u in U{C,r-{uxY),do) can be written 
uniquely in the form 

^>0,fc>0 m>0,s>0 

with ak,e,Pm,s € C. Suppose now that u G ker((^), then 

e>0,k>0 m>0,s>0 

Applying this operator to a function of the form A"°P, with P G Vg, we 
obtain: 

e>0 k>0 m>0 s>0 

As the operators X and F have degree do and —do respectively, this implies 
that 

W, J2"k,eE''A''°P = 0, and Vm, ^ /3^,s^^A"op = 0. 

fc>0 s>0 

As EA°-op = (aodo + c^(a))A°op, where d(a) = aidiH \-ardr, we obtain: 

V^, ^afe,Kaodo + d(a))'=A"op = 0, and 

fc>0 

Vm, ^ ^„,,.(aodo + d(5))^A«°P = 0. 

s>0 

Hence 

V^, ^ afc,^(aodo + d{a))'' = 0, and Vm, ^ /3m,5(ao6^o + 6^(5))' = 0. 

fc>0 s>0 

As ao is an arbitrary element of Z, this implies that V(£, k) and V(m, s), we 
have a^^i = and Prn,s = 0- Hence -u = and is injective. 

□ 

Remark 6.2.3. For 5 = 0, the preceding result was first obtained by T. 
Levasseur ([Lev]), by other methods. 

Define now J- = ker(r-| ). J- is a two-sided ideal of =To[X,Y]. 

Remember from Proposition 3.1.7 that any D G D{V)'^ can be written 
uniquely in the form: 

D=J2 UkY'' + 

fceN* neN 

where Uk,Vn G To = D{V)'^. 
Lemma 6.2.4. 

j_ = {D=Y ^kY'' + Y I ^fc' e J- n To}. 
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Proof. From Theorem 6.2.2 the algebra i?5 is isomorphic to U (C, r-{uxY)idQ). 

lir-SD) = EfeeN* r-Suk)r~SYf+T.nmr~Syn)r-SXr = 0, then, from Corol- 
lary 5.1.10, we obtain that r-{uk) = and r-{vn) = for all k and all n. 

□ 

Remember that do denotes the degree Aq and that d{a) denotes the degree 
of the elements in V~ (see section 2.2). Let us now give a set of generators for 
the ideal ker(rg) in D{V)'^ = To[X,Y]. From Proposition 6.1.3 we obtain 

that r-{E) = do{t—) + d{a). Therefore r-{ v"^) = t—. 

dt flg dt 

Define Gf = Ri — hB,^{{— — f^^^ ),a) where the RiS are the Capelli operators 

"0 

introduced in section 2.2. Using Proposition 6.1.3 again we obtain 

"0 "0 

= 6^^(t|,5)-6^.(t|,S) = 0. 

Hence the elements Gf belone to J~. 
Theorem 6.2.5. 

The elements Gf are generators of X .• 

J, = ker(r,| J = Y,D{vfGt = Y,GfD{Vf. 
Proof. From Lemma 6.2.4, it is now enough to prove that 

r r 

J, n To c D{vfGf = J2 ToGf. 

i=0 1=0 

Let D E J-r\%. As To = C[Ro, . . . , Rr] (Proposition 2.2.7), we have also 
To = C[Gq, . . . ,Gf,E]. 

Therefore D =^J2QiE\ where Qi G C[G^, . . . ,Gf]. Hence Qi G Qi{0) + 
j:i=oD{VfGf. Then 

= r-^{D) = J2 QMr-Sm = E QimMtj^) + diW- 

i i 

Therefore Qi{Q) = (i = 0, . . . , r). Hence Qi G Th=oD{V)^G% which 
yields Z5GEU^(^)''G'f- 

□ 

Remark 6.2.6. For a = 0, the result of the preceding Theorem is due to 
T. Levasseur ([Lev], Theorem 4.11. (v)). 



6.3. Rational radial component algebras. 

Definition 6.3.1. The rational radial component algebra R~ is the image 
ofD{n)'^' = To[X,X-^] = T under the map D i — > r-^{D). 

In fact as shown in the following proposition the structure of the algebras 
R~ is more simpler than the structure of and the ideal I- = ker(rg) C T 
has the same generators as J-. 
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Proposition 6.3.2. 

1) For all a, the rational radial component algebra R~ is isomorphic to 

c[t,t-\ti]. 

2) L = ker(r J = ELo TGf = ELo GfT. 

Proof. 1) We have T = To[X,X-^]. And % = Z{T)[E], from Proposi- 
tion 3.3.6. Therefore T = Z(T')[X, , E]. On the other hand we have 
r-(2(r)) = C, r-{X) = t, r-(X-i) =t-i andr-(£;) = do(t|)+d(a). Hence 

= r-ST) = C[t,t-\doiti) + d(a)] = C[t,t-\ti]. 
2) Obviously Ei=o -^s • ^ two-sided ideal, it is graded by 

Theorem 3.5.1. li D £ I-pTp, then X'PD G ToHI- = %r\J- = ELo^oGf. 
Therefore G ELo'T'Gf. 

□ 
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Tables of indecomposable, saturated, multiplicity free representations 
with one dimensional quotient 



Table 2: Irreducible rcpicsciitations 
(Notations for roproRontatit)i).s as in ri3t>-Ka-2]) 



Representation, rank 


Weighted Dynkin diagram (if parabolic type) 


Regular 


Fundamental invariant 


C* X 50(n) (n > 3) 
rank=2 


n = 2p « « « « ^ Dp+i 

N. 

Commutative Parabolic (both) 


Yes 


Non degenerate 
quadratic form 


C* X S^{SL{n)) (n > 2) 
rank= n 


• • • •— c„ 

Commutative Parabolic 


Yes 


Determiuant on. 
symmetric matrices 


C* X A2(SL(n)) 
(n > 4) and n = 2p 
rank=p 


• — • — • — • • m-f 

Commutative Parabolic • 


Yes 


Pfaffian pn skew. 

&y lllUiC tl IC lllOiLllCCO 


C* X (5L(n)* (gi SL{n)){n > 2) 
rank=n 


• • • (§) • • • A2p_l 

Commutative Parabolic 


Yes 


Determinant on full 
matrix space 


C* X Ee (dim=27) 
rank=3 


• 

Commutative Parabolic 


Yes 


Freudenthal cubic 


C* X (SL{2) ® Sp(2n)) (n > 2) 
rank=3 




Yes 


pfdxjx) 

X e M(2n, 2) 
Pf = Pfaffian 


C* X 5L(4) X 5p(4) 
rank=6 




Yes 


Det(X), X e M(4) 


C* X Spin{7) 
rank=2 




Yes 


Non degenerate 
quadratic form 
(5pm(7) 50(8)) 


C* X Spin{9) 
rank=3 


Non parabolic 


Yes 


Non degenerate 
quadratic form 


C* X G2 (dim = 7) 
rank=2 


Non parabolic 


Yes 


Non degenerate 
quadratic form 
Ga SO {7) 
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Table 3: Non Irreducible representations 
(Notations for representations as in [Be-Ra-2]) 



Representation 


Weighted Dynkin diagram (if parabolic type) 


Regular 


Fundamental invariant 


(C*)2 X (SL(n)* es^(„) SLn) 

n > 2 

rank=3 




Yes 


/(«, v) = uv 

on M(l,n) © M{n, 1) 


(a) (C*)2 X {SL{n) e^^^^, K'(SL(n)) 
(n > 4, n = 2p even) 
rank=n=2p 

(b) (C*)2 X (5L(6)* es^(e) An'5i'(6)) 
rank=6 


® • • • • D2p+l 


No 


PfafRan pn skew 
symmetric matrices 
(on 2nd component) 


{a)(C*)2 X 5L(n) ©s^^^, (SL(n) «) 5L(n)),n > 2 
(b)(C*)2 X SL{ny ®sL(n) {SL{n)(2,SL{n)),n> 3 
rank=2n 


® • •— ® • • • A2„ 

ai CXn+l O-ln 


No 


Determiriant on 
full matrix spa<;e 
(on 2nd component) 


(C*)2 X 5L(2) 03^(2, {SL{2) ® 5j)(2n),n > 2 
rank=5 




No 


Pfi^X.JX) 
X e M(2ra, 2) 
Pf = Pfaffian 
(on 2nd component) 


(C*)2 X (SL(n) (g) SL(2)) ®sl(2) {SL{2) <Si Sp{2m)) 

(n > 3, m > 2) 

rank=6 


• • ®— • ® 

ai 0.1 O-n 0:n+2 an+m+2 


No 


Pfi^XJX) 
X e M{2rn, 2) 
Pf = Pfaffian 
(on 2nd component) 


(C*)2 X (5L(2) ® 5L(2)) es^(,, (5L(2) ® 5L(n)) 
(n > 3) 
raiik=5 


• ® •— ® • • • Ar,+3 


No 


Det{X), X e M(2,2) 
(on 1st component) 


(C*)2 X (Sp(2n) ©g^(2„) Sp(2n)),n > 2 
rank=4 


Non parabolic 


Yes 


fiu, v) = *uv 

on M(l,2n) © M(l,2n) 
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